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Abstract. We redefine the Baum-Connes assembly map using simplicial ap- 
proximation in the equivariant Kasparov category. This new interpretation 
is ideal for studying functorial properties and gives analogues of the Baum- 
Connes assembly map for other equivariant homology theories. We extend 
many of the known techniques for proving the Baum-Connes conjecture to 
this more general setting. 
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1. Introduction 

Let G be a second countable locally compact group. Let A be a separable 
C*-algebra with a strongly continuous action of G and let G iXr A be the reduced 
crossed product, which is another separable G*-algebra. The aim of the Baum- 
Connes conjecture (with coefficients) is to compute the K-theory oiGKrA. For the 
trivial action of G on C (or M), this specialises to K*(G*(G)), the K-theory of the 
reduced G*-algebra of G. One defines a certain graded Abehan group K'°''(G, A), 
called the topological K-theory of G with coefficients A, and a homomorphism 

(1) MA:KfP(G,A)^K4GK,A), 

which is called the Baum-Connes assembly map. The Baum-Connes conjecture 
for G with coefficients A asserts that this map is an isomorphism. It has important 
applications in topology and ring theory. The conjecture is known to hold in many 
cases, for instance, for amenable groups ([23]). A recent survey article on the 
Baum-Connes conjecture is [22]. 

Despite its evident success, the usual definition of the Baum-Connes assem- 
bly map has some important shortcomings. At first sight K1;°P(G, A) may seem 
even harder to compute than Kh<(G Kr A). Experience shows that this is not the 
case. Nevertheless, there are situations where Kt°^(G,A) creates more trouble 
than K*(G Kr A). For instance, most of the work required to prove the permanence 
properties of the Baum-Connes conjecture is needed to extend evident properties of 
K*(G Kr A) to K*°''(G, A). The meaning of the Baum-Connes conjecture is rather 
mysterious: it is not a priori clear that K*°''(G, A) should have anything to do with 
K*(G Kj- A). A related problem is that the Baum-Connes assembly map only makes 
sense for K-theory and not for other interesting equi variant homology theories. For 
instance, in connection with the Chern character it would be desirable to have a 
Baum-Connes assembly map for local cyclic homology as well. 

Our alternative description of the assembly map addresses these shortcomings. 
It applies to any equi variant homology theory, that is, any functor defined on the 
equivariant Kasparov category KK*^. For instance, we can also apply K-homology 
and local cyclic homology to the crossed product. Actually, this is nothing so 
new. Gennadi Kasparov did this using his Dirac dual Dirac method — for ah groups 
to which his method applies (see [28,29]). In his approach, the topological side 
of the Baum-Connes conjecture appears as the 7-part of K*(G k,. A), and this 
7-part makes sense for any functor defined on KK^. Indeed, our approach is very 
close to Kasparov's. We show that one half of Kasparov's method, namely, the 
Dirac morphism, exists in complete generality, and we observe that this suffices to 
construct the assembly map. From the technical point of view, this is the main 
innovation in this article. 

Our approach is very suitable to state and prove general functorial properties 
of the assembly map. The various known permanence results of the Baum-Connes 
conjecture become rather transparent in our setup. Such permanence results have 
been investigated by several authors. There is a series of papers by Jerome Chabert, 
Siegfried Echterhoff and Herve Oyono-Oyono ([10-12, 15, 16]). Both authors of 
this article have been quite familiar with their work, and it has greatly infiuenced 
this article. We also reprove a permanence result for unions of groups by Paul 
Baum, Stephen Mihington and Roger Flymen ([7]) and a result relating the real 
and complex versions of the Baum-Connes conjecture by Paul Baum and Max 
Karoubi ([6]) and independently by Thomas Schick ([39]). In addition, we use 
results of [39] to prove that the existence of a 7-element for a group G for real and 
complex coefficients is equivalent. 
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A good blueprint for our approach towards the Baum-Connes conjecture is the 
work of James Davis and Wolfgang Liick in [18]. As kindly pointed out by the 
referee, the approach of Paul Balmer and Michel Matthey in [3-5] is even closer. 
However, these are only formal analogies, as we shall explain below. 

Davis and Liick only consider discrete groups and reinterpret the Baum-Connes 
assembly map for K*(G' tK^. Cq{X)) as follows. A proper G-CW-complex X with 
a G-equivariant continuous map X ^ X is called a proper G-CW- approximation 
for X if it has the following universal property: any map from a proper G-CW- 
complex to X factors through X, and this factorisation is unique up to oqui variant 
homotopy. Such approximations always exist and are unique up to equivariant 
homotopy equivalence. Given a functor F on the category of G-spaces, one defines 
its localisation by hF{X) := F{X) (up to isomorphism). It comes equipped with 
a map LF(X) — » F[X). For suitable F, this is the Baum-Connes assembly map. 

We replace the homotopy category of G-spaces by the G-equivariant Kasparov 
category KK*^, whose objects are the separable G-G*-algebras and whose morphism 
spaces are the bivariant groups KKq{A,B) defined by Kasparov. We need some 
extra structure, of course, in order to do algebraic topology. For our purposes, it is 
enough to turn KK*^ into a triangulated category (see [38,46]). The basic examples 
of triangulated categories are the derived categories in homological algebra and the 
stable homotopy category in algebraic topology. They have enough structure to 
localise and to do rudimentary homological algebra. According to our knowledge, 
Andreas Thom's thesis [43] is the first work on G*-algebras where triangulated 
categories are expHcitly used. Since this structure is crucial for us and not well- 
known among operator algebraists, we discuss it in an operator algebraic context 
in Section 2. We also devote an appendix to a detailed proof that KK'~^ is a 
triangulated category. This verification of axioms is not very illuminating. The 
reason for including it is that we could not find a good reference. 

We call A G KK*^ compactly induced if it is KK'~^-equivalent to Ind^ A' for some 
compact subgroup H C G and some iI-G*-algebra A'. We let CT C KK*^ be the 
full subcategory of compactly induced objects and (CI) the localising subcategory 
generated by it. The objects of (CI) are our substitute for proper G-CW-complexes. 
The objects of CI behave like the cells out of which proper G-CW-complexes are 
built. We define a CX-simpKcial approximation of A € KK*^ as a morphism A ^ A 
in KK'=^ with A G (CI) such that KK'^^ (P,i) ^ KK'^(P, A) for all P G (CI). We 
show that CT-simplicial approximations always exist, are unique, functorial, and 
have good exactness properties. Therefore, if F: KK*^ ^ £ is any homological 
functor into an Abelian category, then its localisation 'LF{A) := F{A) is again a 
homological functor KK*^ — > £. It comes equipped with a natural transformation 
LF(A) F{A). For the functor F{A) := K»(G A), this map is naturally 
isomorphic to the Baum-Connes assembly map. In particular, K*°P(G, A) ^ l.F{A). 
Thus we have redefined the Baum-Connes assembly map as a localisation. 

Of course, we do not expect the map LF(A) — > F{A) to be an isomorphism for 
all functors F. For instance, consider the K-theory of the full and reduced crossed 
products. We will show that both functors have the same localisation. However, 
the full and reduced group G* -algebras may have different K-tlicory. 

A variant of Green's Imprimitivity Theorem ([20]) for reduced crossed products 
says that G Kr Ind^ A for a compact subgroup H C G is Morita-Rieffel equivalent 
to H X A. Combining this with the Green- Julg Theorem ([25]), we get 

K^G Indg A) ^K,{HxA)^ Kf (A). 

Hence K*(G B) is comparatively easy to compute for B G CI. For an object of 
(CI), we can, in principle, compute its K-theory by decomposing it into building 
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blocks from CI. In a forthcoming article, we will discuss a spectral sequence that 
organises this computation. As a result, K*(G Kr A) is quite tractable for A G 
{CI). The CT-simplicial approximation replaces an arbitrarj^ coefficient algebra A 
by the best approximation to A in this tractable subcategory in the hope that 
K*(G Kr ^) = K*°''(G, ^) is then a good approximation to K*(G iXr A). 

Above we have related the Baum-Connes assembly map to simplicial approxi- 
mation in homotopy theory. Alternatively, we can use an analogy to homological 
algebra. In this picture, the category KK corresponds to the homotopy category 
of chain complexes over an Abclian category. The latter has chain complexes as 
objects and homotopy classes of chain maps as morphisms. To do homological al- 
gebra, we also need exact chain complexes and quasi-isomorphisms. In our context, 
these have the following analogues. 

A G-C*-algebra is called weakly contractihle if it is KK -equivalent to for 
all compact subgroups H C G. We let CC C KK*^ be the full subcategory of 
weakly contractiblc objects. This is a localising subcategory of KK*^. Wc call 
/ e KK'^{A, B) a weak equivalence if it is invertible in KK^(^, B) for all compact 
subgroups H C G. The weakly contractihle objects and the weak equivalences 
determine each other: a morphism is a weak equivalence if and only if its "mapping 
cone" is weakly contractihle, and A is weakly contractihle if and only if the zero 
map — > ^ is a weak equivalence. 

The subcategories CC and (CI) are "orthogonal complements" in the sense that 
B e CC if and only if KK'^{A, B) = for all A e {CI), and A G {CI) if and only 
if KK^{A, B) =0 for all B e CC. Hence / G KK'^{B, B') is a weak equivalence if 
and only if the induced map KK^{A,B) KK^{A,B') is an isomorphism for all 
A G {CI). Therefore, a CX-simplicial approximation for A is the same as a weak 
equivalence / G KK^'{A,A) with A G {CI). 

We now return to our analogy with homological algebra. The weakly contractihle 
objects play the role of the exact chain complexes and the weak equivalences play 
the role of the quasi-isomorphisms. Objects of {CI) correspond to projective chain 
complexes as defined in [31]. Hence CT-simplicial approximations correspond to 
projective resolutions. In homological algebra, we can compute the total left derived 
functor of a functor F by applying F to a projective resolution. Thus LF as defined 
above corresponds to the total left derived functor of F. In particular, K*°'^(G, A) 
appears as the total left derived functor of K^{G k^. A). 

Bernhard Keller's presentation of homological algebra in [31] is quite close to our 
constructions because it relies very much on triangulated categories. This is unusual 
because most authors prefer to use the finer structure of Abclian categories. How- 
ever, nothing in our setup corresponds to the underlying Abelian category. Hence 
we only get an analogue of the total derived functor, not of the satellite functors 
that are usually called derived functors. A more serious difference is that there 
are almost no interesting exact functors in homological algebra. In contrast, the 
Baum-Connes conjecture asserts that the functor K*(G A) agrees with its total 
derived functor, which is equivalent to exactness in classical homological algebra. 
Hence the analogy to homological algebra is somewhat misleading. 

Using weak equivalences, we can also formulate the Baum-Connes conjecture 
with coefficients as a rigidity statement. The assembly map hF{A) F{A) is an 
isomorphism for all A if and only if F maps all weak equivalences to isomorphisms. 
If F satisfies some exactness property, this is equivalent to F{A) = for all A G CC. 
If A G CC, then A is KK'^-equivalent to a G-C* -algebra that is i?-equivariantly con- 
tractihle for any compact subgroup H C G (replace A by the universal algebra QsA 
defined in [34]). Thus the Baum-Connes conjecture with coefficients is equivalent 
to the statement that K*(G Kr ^) = if A is il-equivariantly contractihle for all 
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compact subgroups H C G. Another equivalent formulation that we obtain in Sec- 
tion 9 is the following. The Baum-Connes conjecture with coefficients is equivalent 
to the statement that K^,{G A) = if K*(i/ k A) =0 for all compact subgroups 
H C G. Both reformulations of the Baum-Connes conjecture with coefficients are 
as elementary as possible: they involve nothing more than compact subgroups, 
K-theory and reduced crossed products. 

The localisation of the homotopy category of chain complexes over an Abelian 
category at the subcategory of exact chain complexes, is its derived category, which 
is the category of primary interest in homological algebra. In our context, it corre- 
sponds to the locaHsation KK'^/CC. We describe KK'^ /CC in more classical terms, 
using the universal proper G-space EG. We identify the space of morphisms A ^ B 
in KK^ /CC with the group RKK^ {£G; A, B) as defined by Kasparov ([28]). The 
canonical functor KK*^ KK*^ /CC is the obvious one, 

Psa : KK"^(A. B) RKK'^(£:G; A, B). 

As a consequence, if A is weakly contractible, then p^(^) — ^'^Y proper 
G-space Y . This means that the homogeneous spaces G/H for H C G compact, 
which arc implicitly used in the definition of weak contractibility, already generate 
all proper G-spaces. Another consequence is that proper G-G*-algebras in the 
sense of Kasparov belong to {CI). Conversely, for many groups any object of {CI) 
is KK'^-equivalent to a proper G-G*-algebra (see the end of Section 7). 

G 

Let ★ e KK be the real or complex numbers, depending on the category we 
work with. We have a tensor product operation in KK*^, which is nicely compatible 
with the subcategories CC and CI. Therefore, if D 6 KK'~'(P,*) is a CX-simplicial 
approximation for -k, then D(g)idA e KK'^(P(g)A, A) is a CX-simpHcial approximation 
for A e KK"^. Thus we can describe the localisation of a functor more explicitly as 
'LF{A) := F{P^A). We call D a Dirac morphism for G. Its existence is equivalent 
to the representability of a certain functor. Eventually, this is deduced from a 
generahsation of Brown's Representability Theorem to triangulated categories. 

The following example of a Dirac morphism motivates our terminology. Suppose 
that £G is a smooth manifold. Replacing it by a suspension of T*£G, we achieve 
that EG has a G-invariant spin structure and that 8 | dim^G. Then the Dirac 
operator on £G defines an element of KK[f (Go (fG) , ★) ; this is a Dirac morphism 
for G. Wc can also describe it as the clement p\ G KK[^(Go(£'G), ★) associated to 
the constant map p : £G ^ by wrong way functoriality. Unfortunately, wrong way 
functoriality only works for manifolds. Extending it to non-Hausdorff manifolds as 
in [29], one can construct explicit Dirac morphisms also for groups acting properly 
and simplicially on finite dimensional simplicial complexes. However, it is unclear 
how to adapt this to infinite dimensional situations. 

Since we work in the Kasparov category, Bott periodicity is an integral part of our 
setup. The above example of a Dirac morphism shows that wrong way functoriality 
and hence Bott periodicity indeed play significant roles. This distinguishes our 
approach from [3-5, 18]. The bad news is that we cannot treat homology theories 
such as algebraic K-theory that do not satisfy periodicity. The good news is that the 
Dirac dual Dirac method, which is one of the main proof techniques in connection 
with the Baum-Connes conjecture, is also part of our setup. In examples, this 
method usually arises as an equivariant version of Bott periodicity. 

A dual Dirac morphism is an element r] S KK'^(*, P) that is a left-inverse to the 
Dirac morphism D G KK'^(P,*), that is, rjD = idp. Suppose that it exists. Then 
7 = Dry is an idempotent in KK'^ (★,★). By exterior product, we get idempotents 
J A G KK^{A,A) for all A e KK^ . We have A € CC if and only if 7^ = 0, and 
A G (CI) if and only if 7a = 1- The category KK*^ is equivalent to the direct 
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product KK*^ = CC x {CI). Therefore, the assembly map is spht injective for any 
covariant functor. For groups with the Haagerup property and, in particular, for 
amenable groups, a dual Dirac morphism exists and we have 7=1. This important 
theorem is due to Nigel Higson and Gennadi Kasparov ([23]). In this case, weak 
equivalences are already isomorphisms in KK . Hence LF = F for any functor F. 

When we compose two functors in homological algebra, it frequently happens 
that L(i^' o F) = hF' o 'LF. This holds, for instance, if F maps projectives to 
projectives. We check that the restriction and induction functors preserve the 
subcategories CC and (CT). The same holds for the complexification functor from 
real to complex KK-theory and many others. The ensuing identities of localised 
functors imply permanence properties of the Baum-Connes conjecture. 

Another useful idea that our new approach allows is the following. Instead 
of deriving the functor A 1-^ Kt,{G A), we may also derive the crossed product 
functor A \—>- GtK^A itself. Its localisation GtK^A is a triangulated functor from KK*^ 
to KK. It can be described cxpHcitly as Gk^^A = G\K,(P(EjA) [fD e KK'^(P, ★) is a 
Dirac morphism. The Baum-Connes conjecture asks for £ KK(Gix5:'^, Gk^A) to 
induce an isomorphism on K-theory. Instead, we can ask it to be a KK-equivalence. 
Then the Baum-Connes conjecture holds for F{G t<r A) for any split exact, stable 
homotopy functor F on C* -algebras because such functors descend to the category 
KK. For instance, this covers local cycHc (co)homology and K-homology. 

This stronger conjecture is known to be false in some cases where the Baum- 
Connes conjecture holds. Nevertheless, it holds in many examples. For groups with 
the Haagerup property, we have 7 = 1, so that LF = F for any functor, anyway. 
If both G iK^ A and G tx^ A satisfy the Universal Coefficient Theorem (UCT) in 
KK, then an isomorphism on K-theory is automatically a KK-equivalence. Since 
G kJ' ★ always satisfies the UCT, the strong Baum-Connes conjecture with trivial 
coefficients holds if and only if the usual Baum-Connes conjecture holds and C* (G) 
satisfies the UCT. This is known to be the case for almost connected groups and 
linear algebraic groups over p-adic number fields, see [14, 16]. 

This article is the first step in a programme to extend the Baum-Connes conjec- 
ture to quantum group crossed products. It does not seem a good idea to extend 
the usual construction in the group case because it is not clear whether the result- 
ing analogue of KI°^(G. A) can be computed. Even if wo had a good notion of a 
proper action of a quantum group, these actions would certainly occur on very non- 
commutative spaces, so that we have to "quantise" the algebraic topology needed 
to compute K*°^(G, A). The framework of triangulated categories and localisation 
of functors is ideal for this purpose. In the group case, the homogeneous spaces 
G/H for compact subgroups H C G generate all proper actions in the group case. 
Thus we expect that we can formulate the Baum-Connes conjecture for quantum 
groups using quantum homogeneous spaces instead of proper actions. However, 
we still need some further algebraic structure: restriction and induction functors 
and tensor products of coactions. We plan to treat this additional structure and 
to construct a Baum-Connes assembly map for quantum groups in a sequel to this 
paper. Here we only consider the classical case of group actions. 

1.1. Some general conventions. Let £ be a category. We write A <E € to denote 
that A is an object of £, and €(A, B) for the space of morphisms A ^ B m €. 

It makes no difference whether we work with real, "real", or complex G*-algebras. 
Except for section 10.6, we do not distinguish between these cases in our notation. 
Of course, standard G*-algebras like Gq{X) and G*{G) have to be taken in the 
appropriate category. We denote the one-point space by ★ and also write -k = C{-k). 
Thus ★ denotes the complex or real numbers depending on the category we use. 
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Locally compact groups and spaces are tacitly assumed to be second countable, 
and C*-algebras are tacitly assumed to be separable. Let G be a locally compact 
group and let X be a locally compact G-space. A G-C* -algebra is a C*-algebra 
equipped with a strongly continuous action of G by automorphisms. A G k X-C*- 
algebra is a G-C*-algebra equipped with a G-equivariant essential *-homomorphism 
from Co{X) to the centre of its multiplier algebra. Kasparov defines bivariant 
K-theory groups 7^KK^(X; A, B) involving these data in [28, Definition 2.19]. The 
notation '7^KKf (X; A, B) should be distinguished from RKKf (X; A, B). The latter 
is defined for two G-G*-algebras A and B by 

(2) RKK^{X-A,B) ■=nKK^{X-Co{X,A),Co{X,B)). 

Since 7^KKf (AT; A, B) agrees with the bivariant K-groups for the groupoid G k A 
as defined in [32], we denote it h\ KK^'^'^ {A, B). For several purposes, it is useful to 
generalise from groups to groupoids. However, we do not treat arbitrary groupoids 
because it is not so clear what should correspond to the compact subgroups in this 
case. We work with transformation groups throughout because this generalisation 
is not more difficult than the group case and useful for several applications. 

We write K*(A) for the graded Abelian group n i— > K„(j4), n ^'L, and similarly 
for KKf ""^(^,5). We usually omit the subscript 0, that is, K{A) := Ko(^), etc.. 

The G X X -equivariant Kasparov category is the additive category whose objects 
are the G x X-G*-algebras and whose group of morphisms A^ Bis KK^""^ {A, B); 
the composition is the Kasparov product. We denote this category by KK'^'^'^. 

The notion of equivalence for G k X-G*-algebras that we encounter most fre- 
quently is KK-equivalence, that is, isomorphism in KK'^'^'^, which we simply denote 
by "=". Sometimes we may want to stress that two G x A'-G*-algebras are more 
than just KK-equivalent. We write AfvBifA and B are isomorphic as G k X-C*- 
algebras and A ~m B if A and B are G K X-equivariantly Morita-Rieffel equivalent. 
Both relations imply A = B. 



2. Triangulated categories of operator algebras 

In this section, we explain triangulated categories in the context of equivariant 
Kasparov theory. The purpose is to introduce operator algebraists to the language 
of triangulated categories, which we are using throughout this article. We hope 
that it allows them to understand this article without having to read the specialised 
literature on triangulated categories (like [38,46]). Thus we translate various known 
results of non-commutative topology into the language of triangulated categories. 
In addition, we sketch how to prove basic facts about locahsation of triangulated 
categories in the special case where there are enough projectives. There is nothing 
essentially new in this section. The only small exception is the rather satisfactory 
treatment of inductive limits of G*-algebras in Section 2.4. 

The two motivating examples of triangulated categories are the stable homotopy 
category from algebraic topology and the derived categories of Abelian categories 
from homological algebra. The definition of a triangulated category formalises some 
important structure that is present in these categories. The additional structure 
consists of a translation automorphism and a class of exact triangles (often called 
distinguished triangles). We first explain what these are for KK'^'^''^. 

2.1. Suspensions and mapping cones. Let E: KK*^^"^ KK*^"^"^ be the sus- 
pension functor T,A := Go(IR) (8> A. This is supposed to be the translation auto- 
morphism in our case. However, it is only an equivalence and not an isomorphism 
of categories. This defect is repaired by the following trick. We replace KK'^'^'^ 
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by the category KK"-^'^'^ whose objects are pairs {A,n) with A G KK*^^^, n € Z, 
with morphisms 

KK^^^((A,n),(S,m)) := limKK<^^^(Sf+"A S^+^B). 

pGN 

Actually, since the maps KK'^''^{A,B) KK'^''^(5]A, EE) are isomorphisms by 
Bott periodicity, we can omit the direct limit over p. Morphisms in KK'^'^''^ are com- 
posed in the obvious fashion. We define the translation or suspension automorphism 
on KK^^^ by S(.4.n) {A,n+ 1). The evident functorJCK'^''^ KK^^^, 
A ^ {A,0), identifies KK"^""^ with a full subcategory of KK"^^-^. Any object of 
}<^}^Gkx -g isoniorphic to one from this subcategory because Bott periodicity yields 
{A,n) = (S" '°°<^ 0) for all n e Z, A € KK<^^^. Thus the categories KK*^^^ 
and KK*^^"^ are equivalent. It is not necessary to distinguish between KK'-^'^'^ and 
j^j^Gikx gxcept in very formal arguments and definitions. Most of the time, we 
ignore the difference between these two categories. 

Let / : A — * -B be an equivariant *-homomorphism. Then its mapping cone 

(3) cone(/) := {(a, b) e A x Co(]0, 1],B) \ f{a) = &(!)} 

is again a G k X-C*-algebra and there are natural equivariant *-homomorphisms 

(4) SB ^ cone(/) ^aMb. 

Such diagrams are called mapping cone triangles. A diagram SB' —^C'—*A'^B' 
in KK'-^'^"'^ is called an exact triangle if it is isomorphic to a mapping cone triangle. 
That is, there is an equivariant *-homomorphism f: A ^ B and a commutative 
diagram 



SB ^ cone(/) ^ A ^ B 




SB' 

where a, ;3,7 are isomorphisms in KK*^^"^ and S/3 is the suspension of /3. 

Proposition 2.1. The category KK'^'^'^ with S~^ as translation functor and with 
the exact triangles as described above is a triangulated category. It has countable 
direct sums: they are the usual C* -direct sums. 

It is proven in the appendix that KK'^^'^ is triangulated. It is shown in [28] 
that KK'^^^(0 A„,B) ^YlKK'^'^^{An,B). This means that the usual C*-direct 
sum is a direct sum operation also in KK^^''^. 

Notice that the translation functor is the inverse of the suspension S. The 
reason for this is as follows. The axioms of a triangulated category are modelled 
after the stable homotopy category, and the functor from spaces to C*-algebras 
is contravariant. Hence we ought to work with the opposite category of KK'^'^^. 
The opposite category of a triangulated category becomes again triangulated if we 
use "the same" exact triangles and replace the translation functor by its inverse. 
Since we want to work with KK'^'^'''" and not its opposite and retain the usual 
constructions from the stable homotopy category, we sometimes deviate in our 
conventions from the usual ones for a triangulated category. For instance, we always 
write exact triangles in the form SB — > C A B. 

One of the axioms of a triangulated category requires any / € KK"^^ (A, B) to 

be part of an exact triangle SB ^ C ^ A ^ B. We call this triangle a mapping 
cone triangle for / and C a mapping cone for /. We can use the mapping cone 
triangle (4) if / is an equivariant *-homomorphism. In general, we replace / by an 
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equivariant *-isomorphism /': qgA — > q^B and then take a mapping cone triangle 
of /' as in (4). The universal C*-algebra QgA is defined in [34]. It is important that 
QsA is isomorphic to A in KK'^'^"^. Wc warn the reader that the above construction 
only works for ungraded C*-algebras. For this reason, the Kasparov category of 
graded C*-algebras is not triangulated. We can represent elements ofKK{A,B) by 
equivariant, grading preserving *-homomorphisms xA — > K0B as in [34]. However, 
XA is no longer KK-equivalent to A. 

The mapping cone triangle has the weak functoriality property that for any 
commutative diagram 



SB 



■C- 



B 



S/3 



^B' 



T,B' > C > A' 

whose rows are exact triangles there is a morphism 7 : C ^ C making the diagram 
commute. The triple (7, a, 0) is called a morphism of triangles. We do not have a 
functor essentially because 7 is not unique. At least, the axioms of a triangulated 
category guarantee that 7 is an isomorphism if a and (3 are. Thus the mapping 
cone and the mapping cone triangle are unique up to a non-canonical isomorphism. 
The following facts are proven in [38]. 

Lemma 2.2. Let Si? ^ C ^ A B be an exact triangle. Then C = if and 
only if f is an isomorphism. That is, a morphism f is an isomorphism if and only 
if its mapping cone vanishes. 

If the map SB C vanishes, then there is an isomorphism A = C(BB such that 
the maps C A ^ B become the obvious ones. That is, the triangle is isomorphic 
to a "direct sum" triangle. Conversely, direct sum triangles are exact. 

2.2. Long exact sequences. Let T be a triangulated category, for instance, 
j^j^GikJC^ let Ab be the category of Abelian groups (or any Abelian category). 
We call a covariant functor F:T -> Ab homological if F{C) F{A) F{B) 
is exact for any exact triangle T,B C A B . Wc define F„(^) := F(S"A) 
for n G Z. Similarly, we call a contravariant functor F : T Ab cohomolog- 
ical if F{B) — > F{A) F{C) is exact for any exact triangle, and we define 

:= F(S"A). The functor A ^ T{A,B) is cohomological for any fixed B 
and the functor B ^ T{A, B) is homological for any fixed A. This follows from the 
axioms of a triangulated category. Since we can rotate exact triangles, we obtain a 
long exact sequence (infinite in both directions) 

. . . F,,{C) ^ F„(A) ^ F,,{B) ^ F„_i(C) ^ Fn-i{A) ^ F„_i(B) ^ . . . 

if F is homological, and a dual long exact sequence for cohomological F. The maps 
in this sequence are induced by the maps of the exact triangle, of course. 

2.3. Extension triangles. Since any exact triangle in KK'"''^'^ is isomorphic to 
a mapping cone triangle. Section 2.2 only yields long exact sequences for mapping 
cone triangles. As in [17], this suffices to get long exact sequences for suitable 

i p 

extensions. Let K ^ E ^ Q he an extension of G k X-C*-algebras. There is a 
canonical equivariant *-homomorphism K — > cone(p) that makes the diagram 



SQ- 



(5) 



sg- 



• cone(p) 
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commute. The bottom row is the mapping cone triangle, of course. In the non- 
equivariant case, there is a canonical isomorphism KK(S(5, K) = Ext((5, K). There 
also exist similar results in the equi variant case ([44]). If the extension has a com- 
pletely positive, contractive, equivariant cross section, then it defines an element 
of Ext'^''^(Q,/r) ^ KK<^''^(SQ,/r). This provides the dotted arrow in (5). Fur- 
thermore, the vertical map K conc(p) is invcrtiblc in KK*^^"^ in this case. 
This can be proven directly and then used to prove excision for the given extension. 
Conversely, it follows from excision and the Puppe sequence using the Five Lemma. 

Definition 2.3. We call the extension admissible if the map K cone(p) in (5) 

is mv crtiblc in KK'^'''^. Then there is a unique map YiQ ^ K that makes (5) 
commute. The triangle SQ K E ^ Q \& called an extension triangle. 

If an extension is admissible, then the vertical maps in (5) form an isomorphism 
of triangles. Hence extension triangles are exact. Not every extension is admissible. 
As we remarked above, extensions with an equivariant, contractive, completely pos- 
itive section are admissible. If we replace KK'-^'^'^ by E^^-^ , then every extension 
becomes admissible. 

Let / : ^ ^ i? be an equivariant *-homomorphism. We claim that the mapping 
cone triangle for / is the extension triangle for an appropriate extension. For this 
we need the mapping cylinder 

(6) cyl(/) := {(a, 6) e A X C([0, 1], B) | /(a) = &(!)}• 

Given b € B, let const b € C([0, 1],B) be the constant function with value b. Define 
natural *-homomorphisms 

PA ■■ cyl(/) A, (a, b) a, 

Ja - cyl(/), a ^ (a, const /(a)), 

/:cyl(/)^S, (a, 6) ^6(0). 

Then PaJa = idyi, /.M = .f ) and JaPa is liomotopic to the identity map in a natural 
way. Thus cyl(/) is homotopy equivalent to A and this homotopy equivalence 
identifies the maps / and /. We have a natural C*-extension 

(7) ^ conc(/) ^ cyl(/) ^ B ^ 0. 

Build the diagram (5) for this extension. One checks easily that the resulting 
map cone(/) — > cone(/) is a homotopy equivalence, so that the extension (7) is 
admissible. The composition SB cone(/) *^ cone(/) is naturally homotopy 
equivalent to the inclusion map T,B — > cone(/). Thus the extension triangle for 
the admissible extension (7) is isomorphic to the mapping cone triangle for /. It 
follows that any exact triangle in KK'^'^"'^ is isomorphic to an extension triangle 
for some admissible extension. 

2.4. Homotopy limits. Let (A„, q;"J be a countable inductive system in KK'^'^'^, 
with structure maps cx!^ i A^n — > Aji for ni ^ n. (Of course, it suffices to give the 
maps a™"*"^.) Roughly speaking, its homotopy direct Hmit is the correct substitute 
for the inductive limit for homological computations. Homotopy direct limits play 
an important role in the proof of the Brown Representability Theorem 6.1. They 
also occur in connection with the behaviour of the Baum-Connes conjecture for 
unions of open subgroups in Section 10.3. 

The homotopy direct limit ho-lim Am is defined to fit in an exact triangle 

(8) S ho-lim Am ^ Am ^ ho-lim Am. 
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Here S is the shift map that maps the summand Am to the summand A^+i via 
a™"*"^. Thus the homotopy direct limit is cone(id — S); it is well-defined up to 
non-canonical isomorphism and has the same weak kind of functoriality as mapping 
cones. The (de)suspensions are due to the passage to opposite categories that is 
implicit in our conventions. This also means that homotopy direct limits in KK 
behave like homotopy inverse limits of spaces. The map ^ Am — > ho-limAm in (8) 
is equivalent to maps : A^. ho-lim with a"^ o = ct^ for m < n. 

To formulate the characteristic properties of the homotopy Hmit, we consider 
(co)homological functors to the category of Abelian groups that are compatible 
with direct sums. The latter means F{^Am) — ^F{Am) in the covariant case 
and -F(0 Am) — Yl ^i-^m) in the contravariant case. The functor B i— > T{A, B) is 
not always compatible with direct sums. We call A compact if it is. The functor 
A I— » T{A^ B) is always compatible with direct sums: this is just the universal 
property of direct sums. Hence the following lemma applies to F[A) := T{A,B) 
for any B. 

Lemma 2.4 ([36]). If F is homological and compatible with direct sums, then the 

maps Um'- Am — > ho-limAf„ yield an isomorphism lim Fn{Am) Fn (ho-lim Am)- 
If F is cohomological and compatible with direct sums, then there is a short exact 
sequence 

^ lim^ F^'-^Am) F"(ho-liniA„) ^ limi^"(A„) ^ 0. 

The map F" (ho- lim Am ) lim -F" (Am) is induced by {am)meN- 

Proof. Consider the homological case first. Apply the long exact homology sequence 
to (8) and cut the result into short exact sequences of the form 

coker(id -S: 0F„(Am) ^ 0F„(Am)) ^ F„(ho-limAm) 

^ker(id-5: F„_i(A„) ^ F„_i(A„)) . 

The kernel of id — 5 vanishes and its cokernel is, by definition, limF„(Am). Whence 
the assertion. In the cohomological case, we get a short exact sequence 

coker(id- 5: []F"-1(A„) ^ []f"-1(A„)) ^ F"(ho-limA„) 

^ker(id-5: JJ F"(A„) ^ JJ F"(A„)) . 

By definition, the kernel is lmiF"'{Am) and the cokernel is lim^ F"'~^{Am). □ 

We now specialise to the category KK'^'^'^ and relate homotopy direct Hmits 
to ordinary direct limits via mapping telescopes. This is used in our discussion of 
unions of groups in Section 10.3. Any inductive system in KK*^^"^ is isomorphic 
to the image of a direct system of G K X-C*-algebras. That is, the maps are 
equivariant *-homomorphisms and satisfy ° a™ = af as such. To get this, 
replace the Am by the universal algebra qs{Am) as in the appendix. 

The following discussion follows the treatment of inductive Hmits in [40]. Let 
(Am, a"J be an inductive system of G K X-C*-algebras. We let Aoo := lim Am and 
denote the natural maps Am —>■ Aqo by ■ The mapping telescope of the system 
is defined as the G-C*-algebra 

T{Am,a'^) :=|(/m)e C([m, m + 1], Am) 

/o(0) = and /m+i(m + 1) = aZ+'{fmim +1))}. 
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In the special case where the homomorphisms a'^ are injective, T{Am,C(m) the 
space of all / e Co(]0, oo[, Aoo) with f{t) € Am for t < m + 1. In particular, for 
the constant inductive system (Aoo.id) we obtain just the suspension S^oo- Since 
the mapping telescope construction is functorial, there is a natural equivariant 
*-homomorphism T{An,a!^) — > HA^. 

Definition 2.5. An inductive system {Am,ctm) is called admissible if the map 
T(^„,a;^) ^ S^oo is invertible in KK^""^. 

Proposition 2.6. We have lirti (Am, C(m) — ho-lini (Am, ctZ,) fof admissible induc- 
tive systems. 

Proof. Evaluation at positive integers defines a natural, surjective, equivariant 
*-homomorphism tt: T{Am,ctm) ~^ 0^m- Its kernel is naturally isomorphic to 
0EAm. Thus we obtain a natural extension 

Build the diagram (5) for this extension. The map SA„ cone(7r) is a homotopy 
equivalence in a natural and hence equivariant fashion. Hence the extension is 
admissible. Moreover, one easily identifies the map Y,{^ Am) @Y,Am with 
S — id, where S is the shift map defined above. Rotating the extension triangle, we 
obtain an exact triangle 

T{Am, © Am^^^ © Am^-^Y.-^T{Am. <). 

This impHes Yr^T{^Am-,oi!^ = ho-lim{ Am, ctm) and hence the assertion. □ 

To obtain a concrete criterion for admissibility, we let T{Am,<y-m) be the vari- 
ant of T{Am,(y"n) where we require liiHi^oo oi^{fm{t)) to exist in Aoo instead of 
lim fm{t) = 0. The algebra T{Am,am) is equivariantly contractible in a natu- 
ral way. The contracting homotopy is obtained by making sense of the formula 
Haf{t) := Q!|*(]/(st) for < s < 1. There is a natural commutative diagram 

> T{Am, al,) f{Am, a^) A^ 



^ T(^oo, id) T(Aoo, id) ^oo ^ 

whose rows are short exact sequences. The bottom extension is evidently admis- 
sible. By definition, the vertical map on T{...) is invertible in KK*^'^'^ if and 
only if the inductive system is admissible. The other vertical maps are invertible 
in any case because T{. . . ) = in KK'^^'''^. Therefore, if the inductive system is 
admissible, then the top row is an admissible extension whose extension triangle 
is isomorphic to the one for the bottom row. Conversely, if the top row is an ad- 
missible extension, then the vertical map on T(. . . ) is invertible in KK^""-^ by the 
uniqueness of mapping cones. As a result, the inductive system is admissible if and 
only if the extension in the top row above is admissible. In E'^^-^ , all inductive 
systems are admissible because all extensions are admissible. 

Lemma 2.7. An inductive system (Am, ctm) is admissible if there exist equivariant 
completely positive contractions 4>m '■ ^oo such that a"^ ° <t>m ■ ^oo ^oo 

converges in the point norm topology towards the identity. 

Proof. By the above discussion, the inductive system is admissible if there is an 
equivariant, contractive, completely positive cross section A^o — > T{Am,ctm)- It is 
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not hard to see that such a cross section exists if and only if there are maps (pm as 
in the statement of the lemma. □ 

2.5. Triangulated functors and subcategories. A triangulated subcategory of 
a triangulated category T is a full subcategory T' C T that is closed under suspen- 
sions and has the exactness property that if TtB ^ C — > A ^ _B is an exact triangle 
with A,BgT', then C e T' as well. In particular, T' is closed under isomorphisms 
and finite direct sums. A triangulated subcategory is called thick if all retracts (di- 
rect summands) of objects of T' belong to T'. A triangulated subcategory is indeed 
a triangulated category in its own right. Given any class of objects Q, there is a 
smallest (thick) triangulated subcategory containing Q. This is called the (thick) 
triangulated subcategory generated by Q. Since a full subcategory is determined by 
its class of objects, we do not distinguish between full subcategories and classes of 
objects. 

Let K be some infinite regular cardinal number. In our applications we only use 
the countable cardinal number Ho. We suppose that direct sums of cardinality H 
exist in T. A subcategory of T is called (^-)localising if it is triangulated and 
closed under direct sums of cardinality H. We can define the localising subcategory 
generated by some class Q of objects as above. Wc denote it by {Q) or (5)^. Notice 
that a triangulated subcategory that is closed under direct sums is also closed under 
homotopy direct limits. LocaHsing subcategories are automatically thick (see [38]). 

It is easy to see that an Ho-localising subcategory of KK'^'^'^ amounts to a 
class M oi G « X-C*-algebras with the following properties: 

(1) if A and B are KK*^"^-^ -equivalent and AeAf, then B £ M; 

(2) Af is closed under suspension; 

(3) if / : ^ ^ -B is an equivariant *-homomorphism with A,Bg J\f, then also 
cone(/) e Af; 

(4) if A„Gj\f for all n e N, then also 0„gN ^" ^ 

We can replace (3) and (4) by the equivalent conditions 

(3') if K ^ E ^ Q is an admissible extension and two of K, E, Q belong to M, 
so does the third; 

(4') if {An, a^) is an admissible inductive system with An G J\f for all n € N, then 
lim A„ G Af as well. 

Thus the localising subcategory generated by a class ^ of G K X-C*-algebras is 
the smallest class of G « X-C*-algebras containing Q with the above four proper- 
ties. For example, the localising subcategory of KK generated by ★ is exactly the 
bootstrap category (see [9]). The proof uses that extensions and inductive systems 
of nuclear C*-algebras arc automatically admissible. Another example of a local- 
ising subcategory of KK is the class of C*-algebras with vanishing K-theory. We 
discuss these two subcategories further in Section 6 to give an easy appHcation of 
the Brown Representability Theorem. 

Let T and T' be triangulated categories. A functor F: T ^ T' is called tri- 
angulated if it is additive, intertwines the translation automorphisms, and maps 
exact triangles to exact triangles. Although the latter condition may look like an 
exactness condition, it is almost empty. Since any exact triangle in KK'^'^^ is 
isomorphic to a mapping cone triangle, a functor is triangulated once it commutes 
with suspensions and preserves mapping cone triangles. For instance, the functor 
A t-^ A (8)niin B has this property regardless of whether B is exact. Similarly, the 
full and reduced crossed product functors KK'^'^'^ —>■ KK are triangulated. An 
analogous situation occurs in homological algebra: any additive functor between 



14 



RALF MEYER AND RYSZARD NEST 



Abelian categories gives rise to a triangulated functor between the homotopy cate- 
gories of chain complexes. The exactness of the functor only becomes relevant for 
the derived category. 

Let F: T ^ T' be a triangulated functor. Its kernel is the class keri^ of all 
objects X of T with F{X) = 0. It is easy to see that ker F is a thick triangulated 
subcategory of T. If F commutes with direct sums of cardinality K, then keri^ is 
H-localising. 

2.6. Localisation of categories and functors. A basic (and not quite correct) 
result on triangulated categories asserts that any thick triangulated subcategory 
J\f C T arises as the kernel of a triangulated functor. Even more, there exists a 
universal triangulated functor T T/J\f with kernel A/", called localisation functor, 
such that any other functor whose kernel contains J\f factorises uniquely through 
T/Af (see [38]). Its construction is quite involved and may fail to work in general 
because the morphism spaces in T/Af may turn out to be classes and not sets. 

There arc two basic examples of localisations, which have motivated the whole 
theory of triangulated categories. They come from homological algebra and homo- 
topy theory, respectively. In homological algebra, the ambient category T is the 
homotopy category of chain complexes over an Abelian category. The subcategory 
J\f CT consists of the exact complexes, that is, complexes with vanishing homology. 
A chain map is called a quasi-isomorphism if it induces an isomorphism on homol- 
ogy. The localisation T/Af is, by definition, the derived category of the underlying 
AbeHan category. One of the motivations for developing the theory of triangulated 
categories was to understand what additional structure of the homotopy category 
of chain complexes is inherited by the derived category. 

In homotopy theory there are several important instances of localisations. We 
only discuss one very elementary situation which provides a good analogy for our 
treatment of the Baum-Connes assembly map. Let T be the stable homotopy 
category of all topological spaces. We call an object of T weakly contractible if its 
stable homotopy groups vanish. A map is called a weak homotopy equivalence if it 
induces an isomorphism on stable homotopy groups. Let N QT be the subcategory 
of weakly contractible objects. In homotopy theory one often wants to disregard 
objects of Af, that is, work in the locaHsation T/Af. 

The concepts of a weak equivalence in homotopy theory and of a quasi-iso- 
morphism in homological algebra become equivalent once formulated in terms of 
triangulated categories: we call a morphism / e T{A, B) an Af-weak equivalence or 
an Af -quasi-isomorphisms if cone(/) G A/". Since N £ N M and only if ^ is an 
AA-weak equivalence, the weak equivalences and N determine each other uniquely. 

A morphism is a weak equivalence if and only if its image in the localisation 
T /N is an isomorphism. This implies several cancellation assertions about weak 
equivalences. For instance, if / and g are composable and two of the three mor- 
phisms /, g and fog are weak equivalences, so is the third. The localisation has 
the universal property that any functor out of T, triangulated or not, that maps 
AA-weak equivalences to isomorphisms, factorises uniquely through the localisation. 

In many examples of localisation, some more structure is present. This is for- 
malised in the following definition. In the simplidal approximation example, let 
P C T be the subcategory of all objects that have the stable homotopy type of 
a CW-complex, that is, are isomorphic in T to a CW-complex. The Whitehead 
Lemma implies that f:X F is a weak homotopy equivalence if and only if 

: T(P, X) T{P, Y) is an isomorphism for all P € P. Similarly, N £ Af ii and 
only T{P,N) = for all P €V. Another important fact is that any space S has 
a simplidal approximation. This is just a weak equivalence X ^ X with X G V. 
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In homological algebra, a similar situation arises if there are "enough projectives". 
Then one lets V be the subcategory of projective chain complexes (see [31]). 

Definition 2.8. Let T be a triangulated category and let V and N be thick trian- 
gulated subcategories of T. We call the pair {V,Af) complementary if T{P, N) = 
for all P G N € J\f and if for any A € T there is an exact triangle ^ P 
A^N with PeV,N eAf. 

We shall only need localisations in the situation of complementary subcategories. 
In this case, the construction of T/J\f is easier and there is some important (and 
well-known) additional structure (see [36]). We prove some basic results because 
they are important for our treatment of the Baum-Connes assembly map. 

Proposition 2.9. Let T be a triangulated category and let {V,M) he complemen- 
tary thick triangulated subcategories of T . 

2.9.1. We have N G J\f if and only if T {P, N) = for all P &V , and P &V if and 
only if T{P, N) = for all N e Af; thus V and M determine each other. 

2.9.2. The exact triangle T,N P ^ A ^ N with P E V and N e M is uniquely 
determined up to isomorphism and depends functorially on A. In particular, 
its entries define functors P: T ^ V and N : T —> J\f. 

2.9.3. The functors P, N : T ^ T are triangulated. 

2.9.4. The localisations T/Af andT/V exist. 

2.9.5. The compositions "P — > T — > T/A/" and Af ^ T —>■ T/V are equivalences of 
triangulated categories. 

2.9.6. The functors P,N: T ^ T descend to triangulated functors P: T/J\f — > V 
and N : T/V — > Af, respectively, that are inverse (up to isomorphism) to the 
functors in 2.9.5. 

2.9.7. The functors P: T/J\f T and N : T/V T are left and right adjoint to 
the localisation functors T — > T/Af and T — > T/V, respectively; that is, we 
have natural isomorphisms 

T{P{A),B) ^ T/A/iA, B), T{A, N{B)) ^ T/V{A, B), 

for all A,B eT. 

Proof. We can exchange the roles of V and Af by passing to opposite categories. 
Hence it suffices to prove the various assertions about one of them. 

By hypothesis, N E Af implies T{P, N) = for all P eV. Conversely, suppose 
T{P,A) = for all P G T'. Let SiV ^ P ^ ^ ^ iV be an exact triangle with 
P € V and N € Af. The map P ^ A vanishes by hypothesis. Lemma 2.2 implies 
N ^A® S-ip. Since A/" is thick, AeAf. This proves 2.9.1. 

Let EiV P ^ A ^ N and T,N' —^P'^A'^N' be exact triangles with 
P,P' gV and N,N' G Af and let / e T{A,A'). Since T{P,N') = 0, the map 
P' A' induces an isomorphism T{P,P') = T{P,A'). Hence there is a unique 
and hence natural way to lift the composite map P — » A — > A' to a map P — > P'. 
By the axioms of a triangulated category, there exists a morphism of exact triangles 
from 1:N ^ P ^ A ^ N to E7V' P' ^ A' ^ N' that extends f: A^ A' and 
its lifting P(/) : P P' . An argument as above shows that there is a unique way 
to lift / to a map N ^ N' . Thus the morphism of triangles that extends / is 
determined uniquely, so that the triangle T,N P ^ A ^ N depends functorially 
on A. This proves 2.9.2. 

Next we show that P is a triangulated functor on T. Let SB — > C A ^ B 
be an exact triangle. Consider the solid arrows in the diagram in Figure 1. We can 
find objects N'{C) and P'{C) of T and the dotted arrows in this diagram so that 
all rows and columns are exact and such that the diagram commutes except for the 
square marked with a — , which anti-commutes (see [8, Proposition 1.1.11]). Since 
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T,'^N{B) ■> S7V'(C) > UN {A) ^ SiV(B) 

Y " " 
EP(S) ■> P'{C) ■> P{A) > P{B) 

" Y " " 
SB ^ C ^ A ^ B 

EN{B) > N'{C) > N{A) > N{B) 

Figure 1. Exactness of P and A'' 

V and J\f are triangulated subcategories and the rows in this diagram are exact 
triangles, we get P'iC) G V and N'{C) S AT. Hence the column over C is as in 
the definition of the functors P and N . Therefore, we can replace this column by 
the exact triangle EA^(C) ^ P{C) ^ C -> N{C). Our proof of 2.9.2 shows that 
the rows must be obtained by applying the functors P and N to the given exact 
triangle SB C ^ A ^ B . Since the rows arc exact triangles by construction, 
the functors P and N preserve exact triangles. They evidently commute with 
suspensions. This proves 2.9.3. 

Next wc construct a candidate T' for the localisation T /Af . let T' have the 
same objects as T and morphisms T'{A,B) := T[P{A), P{B)). The identity map 
on objects and the map P on morphisms define a canonical functor T — > T' . We 
define the suspension on T' to be the same as for T. A triangle in T' is called exact 
if it is isomorphic to the image of an exact triangle in T. We claim that T' with 
this additional structure is a triangulated category and that the functor T — > T' is 
the localisation functor at TV. 

The uniqueness of the exact triangle T,N{A) P{A) -» A N{A) yields that 
the natural map PiA) ^ A is an isomorphism for A G V. Therefore, the map 
T{A,B) T'{A,B) is an isomorphism for A,BgV. That is, the restriction of 
the functor T — > T' to 7-* is fully faithful and identifies P with a full subcategory 
of T'. Moreover, since P{A) G V, the map P'^{A) P{A) is an isomorphism. 
This implies that the map P{A) A is mapped to an isomorphism in T'. Thus 
any object of T' is isomorphic to one in the full subcategory P. Therefore, the 
category T' is equivalent to the subcategory V. Using that P is a triangulated 
functor on T, one shows easily that both functors V ^ T' and T' ^ V map exact 
triangles to exact triangles. They commute with suspensions anyway. Since they are 
equivalences of categories and since P is a triangulated category, the category T' 
is triangulated and the equivalence V = T' is compatible with the triangulated 
category structure. 

We define the functor P: T' — > 7-" to be P on objects and the identity on mor- 
phisms. This functor is clearly inverse to the above equivalence V ^ T' and has 
the property that the composition T T' ^ V C T agrees with P: T ^ T. 
Moreover, we have observed already above that T{P{A), B j) = T{P{A), P{B)) for 
all A,B € T. Hence all the remaining assertions follow once we show that T' has 
the universal property of T/JV. It is easy to see that J\f is equal to the kernel of 
T ^ T' . If F: T T" is a triangulated functor with kernel A/', then the maps 
P{A) — > A induce isomorphisms F{P{A)) —>■ F{A) by Lemma 2.2. Therefore, 

T' —> V C T —> T" is the required factorisation of F through T'. □ 
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We call the map P{A) A an N -projective resolution or a V-simplicial ap- 
proximation of A. The first term comes from homological algebra, the second one 
from homotopy theory. We prefer the terminology from liomotopy theory because 
it gives a more accurate analogy for the Baum-Connes assembly map. 

Finally, we consider the localisation of functors. Let F: T — > T' be a covariant 
triangulated functor to another triangulated category T'. Then its localisation or 
left derived functor L,F : T/J\f — > T' is, in general, defined by a certain universal 
property. In the case of a complementary pair of subcategories, it is given simply 
by LF = F o P. This makes sense for any functor F, triangulated or not. If F is 
triangulated, then so is LF. If F is (co)homological, then so is LF. Both assertions 
follow from Proposition 2.9.3. In the following discussion, we assume F to be 
triangulated or homological. 

The functor LF descends to the category T/M and comes equipped with a 
natural transformation LF — »■ F which comes from the natural transformation 
P{A) — > A. The universal property that characterises LF is the following. If 
F' : T/TV T' is any functor together with a natural transformation F' F, then 
this natural transformation factorises uniquely through LF. This factorisation is 
obtained as the composition 

F'{A) ^ F'{P{A)) F{P{A)) = ]LF{A). 

Thus we may view LF as the best approximation to F that factors through T/J\f. 
In particular, we have LF F if and only if A/" C ker F if and only if F maps 
A/"- weak equivalences to isomorphisms in T' . 

Alternatively, we may view L,F{A) as the best approximation to F{A) that uses 
only the restriction of F to V. The simplicial approximation P{A) A has the 
universal property that any map B ^ A with B G V factors uniquely through 
Pi A). In this sense, P{A) is the best possible approximation to A inside P and 
F{P{A)) is the best guess we can make for F{A) if we want the guess to be of the 
form F{B) for some B gV. 

We can also use the functor TV: T/P ^ T to define an obstruction functor 
ObsF := F o N. It comes equipped with a natural transformation F — > ObsF. 
Proposition 2.9.2 shows that if the functor F is triangulated then LF, F and ObsF 
are related by a natural exact triangle 

SObsF(^) ^LF(^) ^ F{A) ObsF(A). 

Thus ObsF(A) measures the lack of invertibility of the map LF(^) — > F{A). In 
particular, ObsF(A) = if and only if L,F{A) = F{A). Similar remarks apply if F 
is homological. In that case, the functors LF, F and ObsF are related by a long 
exact sequence. 

3. Preliminaries on compact subgroups and some functors 

We first recall some structural results about compact subgroups in locally com- 
pact groups. Then we recall the well-known formal properties of tensor product, 
restriction and induction functors. We discuss them in some detail because they 
are frequently used. Wc appljf the universal property of KK-theory to treat them. 
This has the advantage that proofs do not require the definition of KK. 

3.1. Compact subgroups. Let G be a locally compact group. Let Go C G be 
the connected component of the identity element. We call G almost totally dis- 
connected if Go is compact, and almost connected if G/Go is compact. If G is 
almost totally disconnected, then G contains a compact open subgroup (and vice 
versa) by [21, Theorem 7.5]. Therefore, if G is arbitrary, then there exists an open 
almost connected subgroup U C G: take the preimage of a compact open subgroup 
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in G/Gq. Almost connected groups are very closely related to Lie groups (with 
finitely many connected components) by [35]: if U is almost connected, then each 
neighbourhood of the identity element contains a compact normal subgroup N C U 
such that U/N is a Lie group (the smooth structure on U/N is unique if it exists). 

Let U be almost connected and let K C U be maximal compact. We recall 
some structural results about U/K from [1]. Let ? C u be the Lie algebras of K 
and U, respectively, and let p := u/6. This quotient is a finite dimensional M-vector 
space, on which K acts linearly by conjugation. There exists a -fC-equivariant 
homcomorphism U/K = p. Thus U/K as a K -space is homeomorphic to a linear 
action of isT on a real vector space. This fact is crucial for our purposes. Moreover, 
Abels shows in [1] that U/K is a universal proper J7-space. This contains the 
assertion that any compact subgroup of U is subconjugate to K (because it fixes a 
point in U/K). Especially, any two maximal compact subgroups are conjugate. 

We define some classes of special compact subgroups that we shall use later. 
Let C G be a compact subgroup. We call H strongly smooth if its normaliser 
NqH C G is open in G and NqH/H is a Lie group. We call H smooth if it contains 
a strongly smooth subgroup of G. Finally, we call H large if it is a maximal compact 
subgroup of some open almost connected subgroup of G. We let LC = LC(G) be 
the set of large compact subgroups of G. 

Of course, strongly smooth subgroups are smooth. Large subgroups are also 
smooth because if L C [/ is maximal compact and N C U is a smooth, compact 
normal subgroup, then NL is a compact subgroup as well by normality. Hence 
N C L hy maximality. 

Lemma 3.1. Any compact subgroup of G is contained in a large compact subgroup. 

If H Q G is a large compact subgroup, then the open almost connected subgroup 
U C G in which H is maximal is unique and denoted by Uh- 

Suppose H,L G LC satisfy H C L. Then H = Uh H L, so that H is open in L. 
The natural map Uh/H ^ Ul/L is a homcomorphism. 

If H C G is smooth, then the homogeneous space G/H is a smooth manifold in 
a canonical way. 

Proof. We claim that any compact subgroup H of a totally disconnected group G is 
contained in a compact open one. Let U C Ghe any compact open subgroup. Then 
H r\ U has finite index in H. Therefore, U' := (^j^^^^^ hUh~^ is again a compact 
open subgroup of G. By construction, it is normalised by H, so that HU' is again a 
subgroup. It is compact and open and contains H. Since HU' is almost connected, 
H is contained in some maximal compact subgroup of HU'. This yields the first 
assertion. 

Suppose H is maximal compact in the open almost connected subgroups U and V 
of G. We claim that U = V. Since H is still maximal compact in U nV, we may 
assume that U 'Z V. Hence V/H is a disjoint union of U : V copies of U/H. 
However, V/H is homeomorphic to a vector space and therefore connected, forcing 
U = V. Let H and L be large compact subgroups of G that satisfy H C L. Then 
H C Uh r] L C Uh, so that H = Uh L hy maximality. Hence the natural map 
Uh/H Ul/L is injective. Its image is both open and closed and hence must be 
all of Ul/L by connectedness. 

Let if C G be smooth. Then we can find an almost connected open subgroup 
U C G that contains H and a subgroup N C H that is normal in U such that 
U/N is a Lie group. Write G/N as a disjoint union of copies of the Lie group 
U/N. This reveals that G/H is a disjoint union of copies of the homogeneous space 
{U/N)/{H/N) and hence a smooth manifold in a canonical way. □ 
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3.2. Functors on Kasparov categories. The (minimal) C*-tensor product gives 
rise to bifunctors 

KK°^^ X KK"^^^ ^ KK'^'^^, {A,B) A^x B, 

see [28, Definition 2.12 and Proposition 2.21]. We briefly recall how A (gijc B looks 
like. UA,Be KK'^^^, then A(g) B is & G k {X x X)-C*-algebra, and A(E)x B is 
defined as its "restriction" to the diagonal. That is, we divide out elements of the 
form / • a with / € Co{X x X), f{x, x) = for all x e X , a e A iSix B. See also 
[28, Definition 1.6]. 

The full and reduced descent functors KK^'^^ KK are defined in [28, page 
170-173]. On objects, they act hy A^ {G X)k A and A^ {G \x X) A. We 
remark that the space X has no effect here, that is, {GkX)kA = G^A and 

(G K X) Kr A = G Kr A (sCC alsO [15]). 

Let C G be a closed subgroup. Then we have functors 

Resf : KK^^^ ^KK^^^, 

Indg: KK^^^ ^KK^^^, 

called restriction and induction, respectively. The restriction functor is a special 
case of the functoriality of KK'^'^"^ in G: any group homomorphism if — > G induces 
a functor KK'^'^^ KK"''^ by [28, Definition 3.1]. The induction functor is 
introduced in [28, Section 3.6], see also [11]. 

Finally, a G-equivariant continuous map f : X induces functors 

/*: KK^^^ ^KK°^^. 

The functor /* is just a forgetful functor: to view a G x X-G*-algebra A as a 
G K y-G*-algcbra, compose /* : Go(l^) Cb{X) and the canonical extension of 
the structural homomorphism Cb{X) — > ZAi{A). The functor /* is defined on 
objects by f*{A) := Co{X) ®y A. Clearly, id* ^ id, id* ^ id and f»g» ^ {fg)», 
g*f* = (fg)* if / and g are composable. 

Nowadays, we can treat these functors much more easily than in [28] using the 
universal property of Kasparov theory. In the non-equivariant case, Nigel Higson 
has shown that the functor from G* -algebras to KK is the universal split exact 
stable homotopy functor, that is, any functor from G*-algebras to some category 
with these properties factors uniquely through KK. This result has been extended 
by Klaus Thomsen to the equivariant case and also works G x X-equivariantly 
by [34]. The above functors on KK-categories all come from functors F between 
categories of G*-algebras, which are much easier to describe. 

Let F be a functor from G x X-G*-algebras to H k F-G*-algebras. The relevant 
functors F satisfy F{A (E) B) k F{A) (g) B for any nuclear G*-algebra B equipped 
with the trivial representation of G (recall that » denotes isomorphism of G x X- 
G*-algebras). This implies immediately that F is stable and homotopy invariant 
and commutes with suspensions. Suppose, in addition, that F maps extensions 
with a completely positive, contractive, G-equivariant hnear section again to such 
extensions. This is the case in the above examples. By the universal property, F 
induces a functor KK'"^'^'^ — > KK^'^^. Our mild exactness hypothesis guarantees 
that F maps mapping cone triangles again to mapping cone triangles. This suffices 
to conclude that we have got a triangulated functor. This argument provides a 
very quick existence proof for the functors above and also shows that they are 
triangulated. It is also easy to check that they commute with countable direct 
sums on KK^^^ (recall that direct sums in KK are just G*-direct sums). 
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Green's Imprimitivity Theorem and its reduced version assert that 

(9) G K Indg(A) ~M K ^, G Indg(A) ~m H A. 

The functors /* and /* are compatible with (8> (without X) in the evident sense: 
/*(A(8)B) S /*(^)0B, /*(^(8)B) ^ /*(^)0B. We have a natural Gxy-equi variant 
isomorphism 

(10) fM)®YB^ f,{A®x r{B)) 

for /: X ^ y and A G KK'^''^, S e KK*^""^ because ®x is associative and 
A ®x Cq{X) k. a. Equation (10) asserts for the constant map px'- X ^ -k that 

(11) A®xP*x{B)^ A^B. 

The isomorphisms in (10) and (11) are natural, even in the formal sense. For (11), 
naturality means that the isomorphisms intertwine 

x®xVxiv) '^^^^{^®xVxB,A' ®xP*xB') and x (F^y eKK'^ [A® B , A' ® B') 

if a; G KK^{A,A'), y G KK'^ {B,B'). By the universal property of KK, it suffices to 
verify this in the (easy) special case where x and y are ordinary *-homomorphisms; 
the general case then follows because two functors agree on KK once they agree for 
ordinary *-homomorphisms. All the isomorphisms that follow are also natural in 
this sense, for the same reason. 

There are obvious compatibility conditions 

(12) Resg (A (8)(x) B) « Resg(^) Resf (S), 
where we write for either iSix or <8>, and 

(13) Indg o/, « /, o Indg, Resgo/, »/,oResg, Resg o/* «/* o Resg, 

because in each case one of the functors is a forgetful functor. The relation 
Ind^ of* f* o Ind^ also holds. The easiest way to prove this isomorphism 
and many others is to replace Indjy by a forgetful functor as follows. 

The groupoid G k {G/H x X) is Morita equivalent to H ix X. Therefore, the 
categories of H \k X-C*-algebras and of G x {G/H x X)-G*-algebras are equivalent. 
We may view induction as a functor between these two categories. This is an 
equivalence of categories. Its inverse simply restricts a G x {G/H x X)-G*-algebra 
to {H} X X C G/H X X. By the universal property of KK, these functors induce 
an equivalence of categories KK^''^^/"''^^ ^ KK^^^ (see also [32]). 

Lot TTx ■ G/H X X ^ X he the projection. When we reinterpret Ind^ and Resg 
as functors between KK"^""-^ and kK^''''^/"''^\ we get 

(14) Indg^^;^,,, Rcsg«^^. 

This is useful for understanding the formal properties of these functors. Using the 
properties of /* and /* shown above we get 

(15) Indgo/* R./*oIndg, 

(16) (Indg A) (8>(jf) B ^ Indg(A (8>(x) Resg B) 

(17) Indg o Resg (A) f« Cq{G/H) A. 
Our next goal is to prove the adjointness relation 

(18) KK^^^(/*(A),B) SKK^^'^(^,/4B)) 

for a proper continuous G-map f : X ^ Y , A ^ KK^'''^, B G KK^""^. Experts 
on KK-theory can verify (18) easily by showing that both sides are defined by 
equivalent classes of cycles. Category theorists may prefer the following argument, 
which requires no knowledge of KK except the existence of /* and /* as functors 
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on KK. Let f : X ^ Y he a. continuous G-map. Let i? be a G k X-G*-algebra. 
There is a natural homomorphism 

WB : f*f*{B) ^ Co{X) ®yB^ Co{X) B ^ B. 

Let A be a G K y-G*-algcbra. Wc have a natural map la from A to the multiplier 
algebra of f*{A) = f*f*{A), which sends a i— > 1 (8) a G Ci,{X) (g)y A or, equivalently, 
h ■ a i—> h 0y a for h € Go(i^), a € A. The second description shows that we have 
a map la - A ^ f*f*{A) if / is proper. The composite maps 

r{A) ^'M^ r{fj*{A)) = ru{rA) /m, 
u{B) unuB) = Mrf.B) ^'-^^ MB) 

are the identity. Thus the maps ttb and la form (co)units of adjunction between 
the functors /* and /* (see [33] for this notion). This holds regardless of whether 
we use homomorphism or KK-morphisms. Thus we get the desired adjointness 
relation (18) and a corresponding statement about equivariant *-homomorphisms. 
Combining (18) with (14), we get a Frobenius reciprocity isomorphism 

(19) KK'^'^^{A,lnd'^B)^KK"''^{Rcsg A,B) 

if C G is a cocompact closed subgroup and A € KK'^''^, B e KK^""-^. Dually, 
there is a natural isomorphism 

(20) KK°^^(Indg A, B) ^ KK^^^(yl, Resg B) 

for an open subgroup U C G. This can also be proven by writing down explic- 
itly the units of adjunction. Wc can decompose Rcs^IndJ^(A) as a direct sum 
of U K X-G*-algebras over the discrete space of double cosets G//U. The sum- 
mand for the identity coset can be identified with A, so that we get a natural map 
la: A^ Resglndg(A). We can represent Ca{G/U) on the Hilbert space e^iG/U) 
by multiplication operators. Since U is open in G, this maps Cq{G/U) into the 
G*-algebra of compact operators K{i'^{G/U)). Hence we get a natural morphism 

Indg Resg(B) « Cq{G/U) O B ^ K{f{G/U)) B B 

for B e KK^""^. This defines an element ttb £ KK'^^^(Indg Resg(B), B) be- 
cause KK is stable. One verifies easily that the morphisms ttb and la are units of 
adjunction, so that we get (20). 

After these purely formal manipulations of functors, we now come to a much 
deeper assertion, which is due to Gennadi Kasparov. 

Proposition 3.2 ([28, Theorem 5.8]). Let G be almost connected and let H C G 
be a maximal compact subgroup. If one of X, A and B is a proper G-space or a 
proper G-C* -algebra, then 

(21) Resg : KK^^^(yl, B) KK^^-^(Resg A, Resg B) 
is an isomorphism. 

Lemma 3.3. Let H C G be a large compact subgroup and let U := Uh- There is 
a natural isomorphism 

(22) KK°^^(Ind| A, B) ^ KK^^^(Res^ Indg A, Resf B). 

Define J%{A) := \nd%{Co{{U / Hf) O A). Then there is a natural isomorphism 

KK°^^( jgA, B) ^ KK^^^(A, Resg B) 
if A belongs to the essential range of the functor Res,^ . Furthermore, the functors 

Res^ : KK^^^ ^ KK^^^, Res^ Ind^ : KK^^^ ^ KK^^^, 
have the same essential range. 
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The essential range of a functor i^: £ ^ €' is defined as the class of all objects 
of €' that are isomorphic to an object of the form F{X) with X an object of €. 

Proof. Induction in stages and (20) yield 

KK^^-^ (Indg A, B) ^ KK^^ ^ (Ind^ A, Rcsg B). 

Since Ind^ A is proper, Proposition 3.2 yields (22). Let us abbreviate R := Res^ 
and / := Ind^. If A belongs to the essential range of .R, then RI{A) ^ Co{U/H)(^A 
by (17). Recall that U/H is _ff-cquivariantly diffeomorphic to a real vector space 
with a linear action of H. Hence Bott periodicity provides a KK'^-equi valence 
between {RI)^{A) ^ Co{{U/H)^) ^A and A. This yields the second isomorphism 
and shows that the essential range of R is contained in the essential range of RI. 
The converse inclusion is trivial. □ 

Hence Ind§ and Rcsq for a large compact subgroup H C G become adjoint 
functors if we replace KK^"^"^ by the essential range of Res^. There is no analogue 
of this for arbitrary compact subgroups. 



4. A DECOMPOSITION OF THE KASPAROV CATEGORY 

Definition 4.1. We call A G KK'^''^ weakly contractible if Rcsf (A) ^ for all 
compact subgroups H C G. Let CC C KK'^'^"^ be the full subcategory of weakly 
contractible objects. 

A morphism / in KK^^'^ {A,B) is called a weak equivalence if Res^(/) is in- 
vertible in KK^'^'^ for all compact subgroups H C G. We say that / vanishes for 
compact subgroups if Resg (/) = for all compact subgroups H C G. 

We call a G IX X-C*-algebra compactly induced if it is isomorphic in KK'^'^^ 
to Ind^(A) for some compact subgroup H C G and some A € KK^'^'''^. We let 
CT C KK''^'^ be the full subcategory of compactly induced objects. 

In all these definitions, it suffices to consider large compact subgroups because 
any compact subgroup is contained in a large one by Lemma 3.1. Our next goal 
is to prove that {{CT),CC) is a complementary pair of locaHsing subcategories of 
KK^""^, so that we can apply Proposition 2.9. 

Lemma 4.2. The subcategories CC and {CI) o/KK'^'^'^ are localising. 

The subcategories CC, CI and {CI) are closed under tensor products with arbi- 
trary objects o/KK'^ andKK^""^ . 

Proof. Since the functor Res^ is triangulated and commutes with direct sums, its 
kernel is localising. Hence CC is locaHsing as an intersection of localising subcate- 
gories. The subcategory {CI) is localising by construction. The subcategories CC 
and CI are closed under tensor products because of the compatibility of restric- 
tion and induction with tensor products discussed in Section 3. Since the functor 
u ®(^x) B is triangulated and commutes with direct sums, it leaves {CI) invariant 
as well. □ 

Lemma 4.3. A morphism in KK*^^"^ is a weak equivalence if and only if its 
mapping cone is weakly contractible. 

Proof. Since the functor Resg is triangulated, it maps an exact triangle SB ^ C — > 

A ^ B again to an exact triangle. Lemma 2.2 implies that Res^ / is invertible if 
and only if Resg C ^ 0. □ 



THE BAUM-CONNES CONJECTURE VIA LOCALISATION OF CATEGORIES 



23 



Proposition 4.4. An object N of KK'"^'^'^ is weakly contractible if and only if 
KK^^^(P, TV) ^ for all P € CI. 

A morphism f G KK^''^{A,B) is a weak equivalence if and only if it induces 
an isomorphism /* : KK^'^^{P,A) KK^""^ {P,B) for all P G CI. 

A morphism f G KK'^'^^ {A, B) vanishes for compact subgroups if and only if it 
induces the zero map : KK^''^^{P, A) KK^'^^ {P, B) for all P G CI. 

In the first two assertions, we can replace CI by {CI). 

Proof. Let H G LC be maximal compact and let U := Uh- Let P = Ind^A 
for some A G KK^'^''^. Any object of CI is of this form for some H, A hy 
Lemma 3.1. We use (22) to rewrite KK'^''^(P, iV) = KK"""^ (A' ,Rcs" N) with 
A' := Res^Ind^^. If ResgiV = 0, then the right hand side vanishes, so that 
KK°^^(P,7V) = 0. Conversely, if KK^'^^{P,N) = for ah P G CI, then 
KK"'^^{Res" N, Reso N) = and hence Rcsg iV = 0. We have used that Res^ N 
belongs to the essential range of Rcs^ Ind^ by Lemma 3.3. This proves the 
first assertion. We can enlarge CI to (CI) because the class of objects P with 
KK'^'^'^ [P, N) = for all A'' G CC is localising. The remaining assertions are 
proven similarly. □ 

Definition 4.5. A Cl-simplicial approximation of A G KK'"'^^ is a weak equiva- 
lence A ^ A with A G (CI). A CX-simplicial approximation of Co{X) is also called 
a Dirac morphism for G x X. 

Proposition 4.6. A Dirac morphism exists for any G x X. 

The existence of a Dirac morphism is the main technical result needed for our 
approach to the Baum-Connes conjecture. Logicahy, we should now prove the exis- 
tence of the Dirac morphism (we postpone this until Section 6) and then compute 
the localisation KK'^ ^ /CC (we do this in Section 7) before we dare to localise 
the functor K^,{G «r u)- Instead, we head for the Baum-Connes assembly map as 
quickly as possible. 

The fohowing theorem uses the notation of Proposition 2.9. 

Theorem 4.7. The localising subcategories {CI),CC o/ KK'^'^"^ are complemen- 
tary. Let D G KK'^'^'^(P, Co(X)) be a Dirac morphism for G x X and form the 
exact triangle 

(23) SN ^ P -°> Co{X) N. 

Then P{A) '^P^xA and N{A) ^N(g)xA naturally for all A G KK'^'^^, and the 
natural transformations TiNlA) PiA) A ^ ^(^) induced by the maps 
in (23). We have A e {CI) if and only if KK^'^^ {A, B) = for all B e CC if and 
only ifP(E)xA^ A; and B e CC if and only if KK^'^^ {A, P) = for all A G {CI) 
if and only if P (8)x B = 0. In particular, P 0x P = P. 

Proof. Since D is a weak equivalence, N is weakly contractible by Lemma 4.3. 
The tensor product of (23) with A is another exact triangle because u ^x A is 
a triangulated functor. Since CC and {CI) are closed under tensor products by 
Lemma 4.2, we get an exact triangle as in the definition of a complementary pair 
of subcategories in Section 2.6. This yields the assertions in the first paragraph. 
Those in the second paragraph follow from Proposition 2.9. □ 

Definition 4.8. An exact triangle as in (23) is called a Dirac triangle. 

Using Proposition 2.9.7, we can now compute localisations and obstruction func- 
tors from a Dirac triangle. The morphisms in KK*^/CC are given by 

XK^<^^/CC{A, B) ^ KK^''-^(P ®x A, B). 
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The localisation and the obstruction functor of a functor F : KK ^ ^ £ are 

hF{A) = F{P(g)x A), Ohs F{A) ^ F{H(g,x A), 

and the natural transformations I^F{A) F[A) —>■ Ohs F[A) are induced by the 
maps P ^ ★ ^ N in the Dirac triangle. 

We are particularly interested in the functor 

We denote its locahsation and obstruction functor hy A i-^ {G t< X) k^" A and 
A\-^ {G X) tK^^^ A, respectively. 

5. The Baum-Connes assembly map 

We now relate our analysis of KK*^^"^ to the Baum-Connes assembly map. Since 
we consider transformation groups G k X, we first have to do some work related to 
the space X. Jerfime Chabert, Siegfried Echterhoff and Herve Oyono-Oyono show 
in [15] that there is a commutative diagram 

Kt°P(G K X, A) K,((G K X) A) 



K*°P(G, A) ^^^^K.(G XrA). 

That is, the Baum-Connes assembly map just ignores the space X. We need a 
similar result in our setup. 

Lemma 5.1. The functor p\ : KK*^ KK'^''^ maps CC,CI, (CI) C KK*^ to the 
corresponding subcategories in KK*^'^'^. If f ^ KK^{A,B) is a weak equivalence 
or vanishes for compact subgroups, so does Pxif)- If ^ ^ KK'^{P,-k) is a Dirac 
morphism for G , thenp\{£>) £ ¥A<P^^ {Co{X,P),Cq{X)) is a Dirac morphism for 
G K X . There are natural isomorphisms 

{G X X) x"^ A^G k"^ a, (G k X) k?''" A^G x^^"" A. 

Proof. Recall from Section 3 that the functor p^f is compatible with restriction 
and induction. This implies p*x{CC) C CC and p*x{CI) C CI. The same holds for 
(CX) because Px is triangulated and commutes with direct sums. This implies the 
assertions about weak equivalences and Dirac morphisms. Now (11) yields 

{GkX)xIA^{Gx X) {p*x{P) Ox ^) « G K, (P A) ^ G x^ A. 

For the same reason, {G x X) x°^^ A^G x°^^ A. □ 

For our purposes, we do not need the details of the standard definition of the 
Baum-Connes conjecture. We only need to know the following two facts: the 
Baum-Connes conjecture holds for compactly induced coefficient algebras (see [11]), 
and weak equivalences induce isomorphisms on K*°''(G, u) (see [16]). This second 
assertion also fohows immediately from the definition of K*°'' and Corohary 7.2 
below. Thus the only substantial result about the standard definition of the Baum- 
Connes conjecture that we have to import is that it holds for compactly induced 
coefficient algebras. 
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Theorem 5.2. Let A ^ A be a C2-simplicial approximation of A € KK*^'^"'^. 
Then the indicated maps in the commutative diagram 

Kl°P{G K X, A) ^ K*°P(G X X, A) 



K*((G' K X) A) ^ K,((G K X) tx. A) 

are isomorphisms. Hence the Baum-Connes assembly map is naturally isomorphic 
to the canonical map K*((G' x X) kJ: A) K*((G k X) Kj-A). It is an isomorphism 
if and only «/K*((G x X) Kp^s a) ^ 0. 

Proof. Lemma 5.1 shows that we may assume without loss of generaUty that X ^ 
The left vertical map is the assembly map for the coefficient algebra A. Since 
K*°''(G, u) is a homological functor that commutes with direct sums, the class of 
coefficient algebras B for which /is is an isomorphism is a localising subcategory of 
KK'^. Therefore, the Baum-Connes conjecture holds for all coefficient algebras in 
(CX) because it holds for compactly induced coefficient algebras by [11]. As a result, 
the left vertical map in our diagram is an isomorphism. It is shown in [16] that 
weak equivalences induce isomorphisms on K*°''(G, u). Hence the top horizontal 
map is an isomorphism as well. □ 

Therefore, it is legitimate to view the map 1LF{A) — > F{A) for a covariant 
functor F defined on KK^ as an assembly map for F{A). 

As we explained in Section 2.6, there are two pictures of LF(j4): cither as the 
best possible approximation to F{A) that vanishes on CC or as the best possible 
approximation to F{A) that only uses the values F{B) for B € (CJ). In particular, 
the map hF{A) F{A) is an isomorphism for all A e KK'^'^^ if and only if 
F\cc = 0. As we remarked in the introduction, this yields an equivalent, elementary 
formulation of the Baum-Connes conjecture when apphed to K,(G Xr A). 

Alain Connes has asked recently whether it is possible to improve upon the 
Baum-Connes conjecture, finding better approximations to K*(G x^ A). Like the 
approaches in [3-5, 18], our construction of the assembly map is sufficiently fiexible 
to say something about this, though our answer may not be very satisfactory. The 
Baum-Connes conjecture asserts that the objects of (CI) are general enough to 
predict everything that happens in the K-theory of reduced crossed products. If 
it fails, this means that there are some phenomena in K,(G Xj. ^4) that do not 
yet occur for A £ (CX). To get a better conjecture, we have to add some of the 
coefficient algebras for which Baum-Connes fails to CT. Then the general machinery 
of localisation yields again a best possible approximation to K*(G x^ A) based on 
what happens for coefficients in {CI'). The new conjecture expresses K*(G Xr A) 
for arbitrary A in terms of K*(G Xr A) for A € CI . However, such a reduction of 
the problem is only as good as our understanding of what happens for A G CT'. At 
the moment, it does not seem that we have a sufficient understanding of the failure 
of the Baum-Connes conjecture to make any progress in this direction. 



6. The Brown Representability Theorem and the Dirac morphism 

Recah that a morphism D € KK'~^(P,*) is a weak equivalence if and only if 
the induced map is an isomorphism for all A G (CX). 

Since P is supposed to lie in the same subcategory (C J) , the Dirac morphism exists 
if and only if the functor A ^ KK'^(A, ★) on the category (CI) is representable. 
In the classical case of simplicial approximation of arbitrary topological spaces by 
simplicial complexes, one can either write down explicitly such a representing object 
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or appeal to the Brown Representability Theorem. We shall prove the existence of 
the Dirac morphism using the second method. 

There are several representability theorems for triangulated categories that use 
different hypotheses. It seems that none of them applies directly to the category 
{CI) that we need. To circumvent this, we choose a smaller set of generators 
CJo ^ CI which is small enough so that a general representability theorem is 
available in (CIq) and large enough so that the representing object in {CIq) actually 
represents the functor on the whole of {CI) . A byproduct of this proof technique 
is that we get P G {CIq). This is used in Section 9. 

Since KK*"^ only has countable direct sums, we have to do some cardinality 
bookkeeping. Let T be a triangulated category and let H be an infinite regular 
cardinal number. Wc will only need the countable cardinal number Kq. We suppose 
that T has direct sums of cardinality H. 

Recall that Ab denotes the category of Abelian groups. A contravariant functor 
F : T ^ Ab is called representable if it is isomorphic to X I{X, Y) for some 
Y el. Representable functors are cohomological and compatible with direct sums 
of cardinality K. We now formulate conditions on T that ensure that these necessary 
conditions plus an extra cardinality hypothesis are also sufficient. 

An object X G T is called '^-compact if I{X,Y) has cardinality at most N for 
all y e T and the covariant functor I{X, u) is compatible with direct sums of 
cardinality H. The reader who consults [38] on direct sums and representability 
should beware that our notation differs sHghtly. The axiom (TR5K) and the notion 
of K-compactness in [38] deal with direct sums of cardinality strictly less than H. 

Theorem 6.1. Let K be an infinite regular cardinal number and letT be a triangu- 
lated category with direct sums of cardinality H. Let G be a set ofi^-compact objects 
of I with \Q\ < H. Suppose that I{X,Y) = for all X e Q already implies Y — 0. 
Let F: T —> Ab be an additive, contravariant functor. 

Then F is representable if and only if it satisfies the following conditions: 
(i) F is cohomological; 
(a) F is compatible with "i^-direct sums; 
(Hi) F{C) has cardinality at most H for all C € Q. 

Moreover, the hypothesis that I{X, Y) = for all X G Q implies Y = can be 
replaced by the hypothesis that I — {G)'^ ■ 

Proof. The conditions (i)-(iii) are clearly necessary. The interesting assertion is 
that they are also sufficient. If we leave out the cardinality restriction K, this is 
proven by Neeman in [37], and it also follows from [38, Theorem 8.3.3]. Since we 
do not have direct sums of arbitrary cardinality in I, wc have to check that the 
proof does not require direct sums of cardinality strictly greater than K. This is 
indeed the the determined reader may check for himself. It turns out that 

the largest sums we need have cardinality at most N x x K. This is dominated 
by H because H is a regular cardinal. □ 

6.1. Construction of Dirac morphisms. Now we introduce a subcategory of 
{CI) with a hand-selected set of generators CIq. Let H e LC and let U := Uh as 
in Lemma 3.1. We define as in Lemma 3.3 and let 

(24) Rh := Jg(*) = IndgCo((C//i?)') ^ Co(G x^ (U/H)'). 
This compactly induced G-C* -algebra satisfies 

(25) KK'^{Rh,B)^KK"{*,B)^K{H X B). 

by Lemma 3.3. Equation (25) says that Rh (co)represents the covariant functor 
K{H X u) and thus determines Rh uniquely up to KK'^-equivalence. Equation (24) 
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merely is a convenient choice of representing object. For an arbitrary compact 
subgroup, the functor K{H K u) may fail to be representable. This is why we work 
with large compact subgroups. 

If H,H' C U are two maximal compact subgroups, they are conjugate in U 
by Lemma 3.1, so that the G-C*-algebras Rh and Rh' are isomorphic. Hence it 
suffices to choose one maximal compact subgroup in each almost connected open 
subgroup. We let CJo be the set of Rh for the chosen subgroups H. 

Lemma 6.2. The setCIo is (at most) countable and consists oftio- compact objects 
o/KK , where Ho denotes the countable cardinal. 

Proof. It is well-known that K*(A) is countable if A is a separable C*-algebra and 
that K-theory for C*-algebras commutes with direct sums ([9]). Hence (25) imphes 
that K¥f'{RH,B) is countable for each B e KK'^ and that KK'^'{Rh. u) commutes 
with countable direct sums. That is, CIq consists of Ho-compact objects. Since 
the objects of CTq are in bijection with the almost connected open subgroups of G, 
it remains to prove that there are at most countably many such subgroups. Let 
Go C G be the connected component of the identity element. The open almost 
connected subgroups of G are in bijection with the compact open subgroups of 
G/Gq. Since the latter group is second countable as a topological space, even the 
set of all compact open subsets of G/Gq is countable. □ 

Corollary 6.3. For any B € KK^ , there is B e (CJq) and f € KK^ {B,B) such 
that /* : KK^{A, B) ~> KK'^{A, B) is an isomorphism for all A e (CJo). 

Proof. Lemma 6.2 implies that the category {CJo) with generating set CJq satisfies 
the conditions of Theorem 6.1. The functor F{A) := KK''^ [A, B ) fulfils the neces- 
sary and sufScient conditions for representability because it is already represented 
on the larger category KK*^. Hence it is representable on (CIq). □ 

We can now prove the existence of the Dirac morphism. 

Proof of Proposition 4-6. We may assume X = * hj Lemma 5.1. Corollary 6.3 for 
B = -k yields D e KK'^(P,*) with P e (CJq) C (CI). We claim that D is a weak 
equivalence. Any compact subgroup H C G is subconjugate to a subgroup L C G 
with Rl G CXq by Lemma 3.1. Hence it suffices to prove that ResQ(D) is invertible 
for those L. By construction of D, it induces an isomorphism on KK^(Ri,u). 
Equation (25) yields that D induces an isomorphism KK^(*, P) KK^(*, ★). To 
check that D is an isomorphism in KK^, it suffices to check that D induces an 
isomorphism KK^(P, P) -> KK^(P,*) as weh. Since P e {CIq), this fohows if we 
have isomorphisms KK^(A, P) = KK^(^,*) for ah A e CIq. Thus we have to 
fix another large compact subgroup H and show that D induces an isomorphism 
KK^(R/^,P)^KKf'(RH,*). 

Let V := U/H, then we have R^ = Go(G xhV^) ^ Go(G xu V^). We only 
need the action of L on this space. The space G XuV^ decomposes into a disjoint 
union of the spaces LgU Xu over the double cosets g S L\G/U . We have a 
natural isomorphism LgU Xu = L x Lngiig-^ V^, where we use the conjugation 
automorphism gUg~^ = U to let gUg^^ act on V . Since the action of L fl gUg~^ 
on V is diffeomorphic to a linear action, equivariant Bott periodicity yields that 
Co{LgU Xu V^) is KK^-equivalent to Ind^ngc/g-i W- Thus 



geL\G/U 
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The subgroups L fl gUg ^ are open in L and again large by Lemma 3.1. It follows 
from (20) that 

KKf'(Rff,i3)- KK^(Indingc/,-iW,S) 

gZL\G/U 

- KK^'^«^^"\*,B)- KKf(R^ngt/,-,S). 

geL\G/U geL\G/U 

By construction, D induces an isomorphism on the right hand side and hence on 
KKf'(RH,u). □ 

Remark 6.4. Incidentally, the proof above shows that 

Jf Res^ W = Jf Res^(RH) = ^LngUg-^ ■ 

geL\G/U 

6.2. A localisation related to the Universal Coefficient Theorem. 

Definition 6.5. A C*-algebra A is called K-contractible if K,(A) = 0. A morphism 

/ e KK{A, B) is called a K-equivalence if /* : K*(^) K^{B) vanishes. 

We write A/" C KK for the full subcategory of K-contractible objects. This 
subcategory is localising because K-theory is a homological functor compatible with 
direct sums. A morphism is a K-equivalence if and only if its mapping cone is 
K-contractible. 

Theorem 6.6. The localising subcategories (*) and in KK are complementary. 

Proof. We have B e Af if and only if KK*(*, B) ^ K*(B) = for all * G Z, if and 
only if KK{A, B) = for all A e (★). Similarly, / e KK{B, B) is a K-equivalence 
if and only if /, : KK{A,B) ^ KK{A,B) is an isomorphism for all A e (*). We 
have to construct a K-equivalence B B with B € {*) for any B g KK. This 
is equivalent to the representability of the functor A i— > KK{A,B) on (★). The 
object ★ of KK is clearly compact and generates (★) by definition. Hence we can 
apply the Brown Representability Theorem 6.1 to get the assertion. □ 

As we observed in Section 2.5, (★) C KK is just the bootstrap category. The 
simplicial approximations in this context are usually called geometric resolutions 
(see [9]). Let UCT := KK/Af be the localisation of KK at the K-contractible 
objects. This is a triangulated category with countable direct sums and equipped 
with a triangulated functor KK — > UCT commuting with direct sums. It has the 
same objects as KK. Morphisms are computed using geometric resolutions: 

UCT(A, B) ^ KK(i, B) ^ KK(i, B). 

The group UCT(y4., B) can always be computed using the Universal Coefficient 
Theorem (see [9]) because the latter appHes to A € (★). Moreover, A satisfies the 
Universal Coefficient Theorem if and only if KK{A, B) ^ UCT(A, B) for all B if 
and only if A £ (★) . Thus we have translated the Universal Coefficient Theorem as 
an isomorphism statement. This is often convenient. 

The functor A® u preserves K-equivalences for A G (★) because this holds for 
the generator Hence the natural maps from A® B to A® B and Ai® B arc both 
K-equivalences, so that the various ways of localising A® B give the same result 
A®^ B m the category UCT. Since A®^ B only involves C*-algebras from the 
bootstrap category, ¥.f,{A(d^ B) can always be computed by the Kiinneth Formula 
(see [9]). We remark also that (★) ® (★) C (★) because ★ (gi ★ = 

Thus localisation of KK at N yields a natural map KK*(A, B) — > UCT* (A, B), 
which is an isomorphisms for all B if and only if A satisfies the Universal Coefficient 
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Theorem, and a natural map K*(j4 (g)^ B) K^:{A ^ B), which is an isomorphism 
for all B if and only if A satisfies the Kiinneth Formula. We want to emphasise 
that, on a formal level, these maps are analogous to the Baum-Connes assembly 
map K^{G A) K*(G Xr A). 



7. The derived category and proper actions 

We want to describe the locaHsation of KK*^^"^ at CC in more classical terms. 
Let A and B he G x X-C*-algebras. Let F be a locally compact G-space. Gener- 
alising (2) slightly, we let 

RKK^^^(y;A,B) := KK'^^^^^'^) (Co(y, A), Co(r, B)). 

We let RKK'^^-^(r) be the category with the same objects as KK'^^'^ and with 
morphisms as above. That is, RKK^'^^(y) identifies with the range of the functor 

(26) p*Y ■■ KK^''^ ^ KK°K(xxr) 

induced by the projection map X x Y ^ X and thus with a subcategory of 
}^}^Gk{XxY) (jYheie is no reason to expect this subcategory to be triangulated.) 

Let /: F ^ y be a continuous G-equivariant map. Since py' ° f = Py, the 
functor /*: KK^''^^'^'*") ^ kK^^'^^'^) yields natural maps 

(27) /*: RKK'^''^{Y';A,B) RKK'^''^ (Y; A, B). 

For the constant map py. Y ^ -k this reproduces the functor py in (26). The maps 
in (27) turn Y i-^ RKK^'^^ {Y; A, B) into a contravariant functor. 
If 5 is a compact G-space, then (18) yields a natural isomorphism 

RKK°^^(F X S; A, B) ^ KK°'^^(F; A, C{S, B)). 

For S = [0,1], we see that homotopy invariance of KK'^{A, B) in the variable B 
implies homotopy invariance in the variable F; that is, /f = /| if /i, f2'-Y^ Y' 
are G-equivariantly homotopic. Let £G be a second countable, locally compact 
universal proper G-space. Then X x £G is a universal proper G x X-space. The 

category RKK'^''^(£G) and the functor pl^: KK^""-^ ^ RKK"^''^(£G) do not 
depend on the choice of £G because £G is unique up to homotopy. 

Theorem 7.1. The functor pl^: KK'^''^ RKK'^''^(£:G) descends to an iso- 
morphism of categories KK'^'^^/CC ^ RKK°^^(£:G). 

More explicitly, let n : A ^ A be a Cl-simplicial approximation of A & KK'^'^"^. 
Then the indicated maps in the following commutative diagram are isomorphisms: 

KK^^^(i, B) ^ KK°^^(A, B) 



Peg = 



Peg 



j,j^j^uKA ^^Q. p-KK'"^^ (fG; A, B). 

Proof. The first assertion follows from the second one and Proposition 2.9.7. Hence 
we only have to prove that the two indicated maps are isomorphisms. Consider 
pIg first. Fix B. Both KK^''^{u,B) and RKK^""^ {£G-u,B) are cohomological 
functors compatible with direct sums. Thus the class of objects A for which the 
natural transformation between them is an isomorphism is localising. Hence 
we have an isomorphism for all A G (CX) once we have an isomorphism for A G CI. 
This is what we shall prove. Thus we let A := Ind^ A' for some large compact 
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subgroup H and some A' e KK . Let U := Uh and let F be a G-space as 
above. We use Lemma 3.3 and the compatibility of Ind^ with py to rewrite 

j^KK'^^-^(y; Indg A\ B) = KK^'^(-^^^)(Indg p*yA\p*yB) 

^ KK"''^^''^\p*Y Indg A',p*yB) = RKK^^^(r; Rcs^ Indg A', Rcsg B); 

we have dropped restriction functors from the notation except in the final result. 
These isomorphisms are natural and especially compatible with the functoriality 
in Y . Since H is compact and EG is iJ-oquivariantly contractible, homotopy in- 
variance implies that p*gQ is an isomorphism 

RKK^''^(7t;Res^Ind^A',ResgB) ^ RKK^''^(fG;Res^Indg A',ResgB). 

Hence pl(.: RKK'^^^(,t; Indf A', B) ^ RKK^^^(f G; Ind| A', B) is an isomor- 
phism as well. 

We claim that any weak equivalence n: A ^ A induces an isomorphism 

RKK'^^-^(f G; i, B) ^ RKK'^^^(£:G; A, B). 

The proof of this claim will finish the proof of the theorem. We remark that 
the usual definition of K'°P(G, A) is functorial for elements of 'KKK'^ {£G\ A, A') 
in a rather obvious way. Therefore, / e YX*^ [A, A') induces an isomorphism on 
K*°''(G, A) once Pscif) is an isomorphism in RKK'~^{£G; A, A'). Thus the claim 
above imphes that weak equivalences induce isomorphisms on K*°P(G, A). We have 
already used this result of [16] in the proof of Theorem 5.2 above. 

The claim is equivalent to RKK'^'^^ {£G; A, B) = for A £ CC by Lemma 4.3 
because RKK°^-^(£:G;u,B) is a cohomological functor. This condition for all B 
is equivalent to p'^q{A) = for A G CC, that is, CC C kerp^g. Let S be the class 
of proper G-spaces Y for which CC C kerpy. We shall use the following trivial 
observation. If y — > F' is a G-equivariant map and Y' e «S, then y G 5 as well 
because py factors through py,. Therefore, £G S 5 if and only if y G <S for all 
proper G-spaces Y. This is what we are going to prove. 

Let C G be a compact subgroup and let Y' be a locally compact H-space. 
Then we can form a G-space Y = G xh Y'. We call such G-spaces compactly 
induced. The groupoid G x (X x y) is Morita equivalent to H k {X x Y'). This 
yields an isomorphism 

RKK^^'^(G XhY';A.B) ^ RKK^''^(y'; Rcsg A, Rcsg B), 

(see [28, Theorem 3.6]) and hence factors py through Res^. Thus Y e S, that is, 
<S contains all compactly induced G-spaces. 

Any locally compact proper G-spacc is locally compactly induced, that is, can 
be covered by open G-invariant subsets that are isomorphic to compactly induced 
spaces. This result of Herbert Abels [2] is rediscovered in [13]. It ought to imply 
our claim by a Mayer- Vietoris argument. However, the proof is somewhat delicate 
because it is unclear whether RKK*^'^^(y; A, B) as a functor of Y is excisive. 

We let be the class of proper G-spaces that can be covered by at most n 
compactly induced, G-invariant open subsets. Thus €i consists of the compactly 
induced G-spaces. We prove €n C .S by induction on n. We already know €i C S. 
If y G £n, then Y = YqUYi with open subsets yo,yi such that Yb € d and 
Yi G Hence yo,yi G S by induction hypothesis. Let Fn := Fo n Yi. Then 

Fn G 5 as well because Fn maps to Yq. The idea of the following proof is to 
replace y by a homotopy push-out Z of the diagram yo ■*— yp — > yi . It is easy to 
see that Z G S. Since there is a G-equivariant map Y —> Z this implies Y G S. 
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In detail, let 4>o, 4>i be a G- invariant partition of unity subordinate to the covering 
Yo,Yi. This can be constructed by working in G\Y. Let 

Z := (FoUyiU([0,l] xYn))/- 

where we identify Yn C Yj with {j} x ^ [0, 1] x Yn for j = 0, 1. Wc define a 
map : r ^ Z by cjj^y) := (Mv), v) e [0, 1] x Yp for y G ^n, Mv) := 2/ e Fq for 
y € Yo\Yr, and <j>*{y) := i/ S Yi for y G Yi \ Fn- Notice that this is a continuous, 
G-equivariant map. Thus Z e S impHes Y ^ S. 

A cycle for RKK'^''^ {Z; A, A) is a triple (/o./i-/n), where fj is a cycle for 
RKK^''^{Yj;A,A) for j = 0,1 and /n is a liomotopy in RKK'^'^^ {Yn; A, A) be- 
tween /olvn /i|Fn- Fix any such cycle. The cycles /o and /i are homotopic to 
because Yq,Yi G 5 and A G CC. This yields a homotopy between (/o,./i,./n) and 
(0, 0, /n), where is some cycle for RKK'^'^"^(Y'n x [0, 1]; A, A) whose restrictions 
to and 1 vanish. Thus is equivalent to a cycle for 

j^j^GKXx[o,i]^y-^. ^QQ^ 5.^^ ^ RKK^^^(yn; A Syl). 

Apply (18) to the coordinate projection X x Yf, x [0,1] ^ X x Yf-, to get this 
isomorphism. We have RKK'^''^ {Yn; A,'EA) = because Yn G S. Thus //^ is 
homotopic to and RKK'^'^^{Z; A,A)=0 for all A G CC, that is, Z G <S. 

So far we have proven that ffn C 5 for all n G N. Now let Y be an arbitrary 
proper G-spacc. Since Y is locally compactly induced, there is a locally finite 
covering by compactly induced G-invariant open subsets {Ujjj^fq. We let Yj = 
[ji^oUj and write Y = \JYn. Thus Yn € €„ C S for all n G N. We use the 
following variant of the mapping telescope (compare Section 2.4): 

Z := {{y, t) eY xR+\y eYm whenever t<m+l}= [J x [m, m + 1]. 

This is a closed G-invariant subset of F x R+. There exists a partition of unity 
by G-invariant functions subordinate to (Uj) because G\Y is paracompact. We 
use this to construct a G-invariant function (f>:Y^ IR+ with (/)(y) > m for all 
y G Ym \ Ym-i- We get an embedding Y ^ Z , y ^ {y, <p{y)). Thus Y G S follows 
if Z G >S. The proof of Z G 5 is analogous to the argument in the preceding 
paragraph. Therefore, we are rather brief. 

A cycle for RKK'~'^^ {Z ; A, A) is equivalent to sequences of cycles (/m)m6N for 
RKK'^^'^ {Ym; A, A) and homotopies {Hm)men between fm and fm+ilvm- The 
assumption that Y„i G S for all m allows us to find a homotopy between fm and 
for all m. Thus the cycle described by the data {fm, Hm)men is homotopic to a 
cycle {0,H^)meN- Each H'm is equivalent to a cycle for RKK'^''^ {Ym; A,T,A) ^ 
and thus homotopic to 0. Hence RKK'^'^^ {Z; A, A) = 0, that is, Z G S. This 
finishes the proof. □ 

Corollary 7.2. An object o/KK'^'^"^ is weakly contractihle if and only if its image 
in KK'^^^'^^^'^) is isomorphic to 0, if and only if its image in KK'^'''^^'*') is 
isomorphic to for all proper G-spaces Y . A morphism in KK*^'^"'^ is a weak 
equivalence if and only if its image in KK'^^^"^^^'^^ is invertible, if and only if its 
image in KK'"''^'-'''" is invertible for all proper G-spaces Y . 

Proof. By the universal property of £G the map F — > ★ for any proper G-space 
factors through £G. Hence assertions about RKK^{£G) as in the statement of 
the corollary imply the corresponding assertions about RKK'^(F) for all proper 
G-spaces F. An object is weakly contractihle if and only if its image in the local- 
isation vanishes and a morphism is a weak equivalence if and only if its image in 
the localisation is invertible. Thus everything follows from Theorem 7.1. □ 
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Recall that a G k X-C*-algebra is called proper if it is a G k {X x F)-algebra 
for some proper G-space Y. 

Corollary 7.3. All proper G x X-C* -algebras belong to {CI). 

Proof. Let A be a proper G x X-G*-algebra. Then Aisa,Gx{Xx £G)-G*-algebra. 
Let D: P ^ Co{X) be a Dirac morphism for G k X. Since D is a weak equivalence, 
P£q{D) is an invertible morphism in KK'^^'-'^^^'^-' by Corollary 7.2. Hence 

P£g(D) ®xxSG idA e KK«^(^^^^)(pJg(P) ®xx£g a, Go(X x £G) (E)xxsg A) 

is invertible. If we forget the fG-structure, we still have an invertible element in 
j^j^Gkx Equation (11) implies Go(X x EG) ^xxSG ^ = ^ and p^g(P) '^xxSG 
A = P (S>x A G {CI). Those isomorphisms identify pJf;(D) ^xxSG id^ with D* € 
KK'^(P ®x A. A). Thus D is invertible and A e {CI). □ 

We do not know whether, conversely, any object in {CI) is isomorphic in KK'^'^"'^ 
to a proper G-G*-algebra. Since A € {CI) implies A = P^xA, this holds if and only 
if the source P of the Dirac morphism for GkX has this property. Thus the question 
is whether we can find a Dirac morphism whose source is proper. This can be done 
for many groups. For instance, if G is almost connected with maximal compact 
subgroup K, then the cotangent bundle T*{G/K) always has a X-cquivariant spin 
structure, so that its Dirac operator is defined. It is indeed a Dirac morphism 
for G by results of Gennadi Kasparov [28]. This is where our terminology comes 
from. Generalising this construction to non-Hausdorff manifolds, one can construct 
concrete Dirac morphisms of a similar sort for totally disconnected groups with 
finite dimensional £G (see [19,29]). 

8. Dual Dirac morphisms 

Let SN -> P CoiX) ^ N be a Dirac triangle. 

Definition 8.1. We call r] G KK'^''^ {Co{X), P) a dual Dirac morphism for G k X 
if r/ o D = idp. The composition 7 := Dr? e KK^^^(Go(X), Go(X)) is called a 
j-element for GkX. 

Kasparov's Dirac dual Dirac method is the main tool for proving injcctivity and 
bijectivity of the Baum-Connes assembly map. The following theorem shows that 
a dual Dirac morphism in the above sense exists whenever the Dirac dual Dirac 
method in the usual sense applies. Our reformulation has the advantage that the 
Dirac morphism is fixed, so that we only have to find one piece of structure. This 
is quite useful for analysing the existence of a dual Dirac morphism (see [19]). 

Theorem 8.2. Let A be a Z/2-graded G x X-C* -algebra, a e KK^""^ {A,Cn{X)) 
and 13 e KK^'''^{Co{X),A). If -f := a/3 e KK'^'"'^ {Cq{X),Co{X)) satisfies 
PsGi.'y) ~ ^ '^'^'^ A is proper, then there is a dual Dirac morphism for GkX. 
Moreover, 7 is equal to the j-element. 

If, in addition, A is trivially graded and Pa = 1, then a and (3 themselves are 
Dirac and dual Dirac morphisms for G. 

Proof. Let D G KK'^''^(P, Co{X)) be a Dirac morphism. Even if A is graded, the 
same argument as in the proof of Corollary 7.3 shows that e KK'^(P ®x A, A) 
is invertible — provided A is proper. We claim that the composite morphism 

r;: Co{X)^A^P^xA^P 

is a dual Dirac morphism, that is, o D = Ip. We have Dor/ = /3oQ: = 7 because 
exterior products are graded commutative. Since D is a weak equivalence, p*£q{D) 
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is invertible. Since 1 = Pscil) = Pfcl^'-'); S^^ Psciv) = Psci^) ^- Therefore, 
P*Sg{vD) = 1=P*£gW. The map 

p}g ■■ KK°''^(P, P) ^ RKK'^^^(f G; P, P) 

is bijective by Theorem 7.1 because P e (CX). Hence r]D = 1. 

If A is trivially graded, then A e {CT) by Corollary 7.3. The morphisms a and /? 
are weak equivalences because f3a — 1 and q;/3 — 7 are. This implies that a is a 
Dirac morphism and that /3 is a dual Dirac morphism. □ 

Theorem 8.3. The following assertions are equivalent: 

8.3.1. there is a dual Dirac morphism (rj e KK'^'^^(Co(X), P) with TyD = idpj; 

8.3.2. KKf ""-^(N, P) = (for all * £ Zj; 

8.3.3. the natural map pl^: KKf ''^(Co(X), P) RKKf ""-^(fG; Co(X), P) is an 
isomorphism (for all * G Zj; 

8.3.4. KKf ^^(A, S) = for all AeCC, Be (CI); 

8.3.5. the natural map KK'^'^^(A,B) RKK^''^ {£G; A, B) is an isomorphism 
for all A G KK°^^, B e {CT); 

8.3.6. there is an equivalence of triangulated categories KK'^'^"''^ = (CX) x CC. 
Suppose these equivalent conditions to he satisfied and let 

7:= Dor;eKK«^^(Go(X),Go(X)). 

Then ■■= 1 ®x A & KK°^^{A,A) is an idempotent for all A e KK'^''^. We 
have 'fA = if and only if A G CC and ja = id if and only if A G (CT) . 

Proof We often use the isomorphism RKK^''^ {£G; A, B) ^ KKf ""-^(P ®x A, B) 
proven in Theorem 7.1. A long exact sequence argument shows that 8.3.2 and 8.3.3 
are equivalent. Conditions 8.3.4 and 8.3.5 are two ways of expressing that objects of 
(CX) are CC-injective and hence equivalent. The implications 8.3.6=4>8.3.4=4>8.3.2 
and 8.3.3=4>8.3.1 are trivial. It remains to prove that 8.3.1 implies 8.3.6. Along the 
way we show the additional assertions about 7 (and part of the following corollary) . 

Since r/D = idp, the map SN P in the Dirac triangle vanishes. Hence 
Lemma 2.2 yields an isomorphism Co{X) = P©N such that the maps P Go(X) ^ 
N become the obvious ones. Any two choices for 77 differ by a morphism N ^ P. 
Therefore, 8.3.2 implies that rj is unique. We cannot use this so far because we still 
have to prove that 8.3.2 follows from 8.3.1. We may, however, choose rj such that 
7 = D77 is the orthogonal projection onto P that vanishes on N. We get a direct 
sum decomposition (in KK) 

A ^ Cq{X) ®x A^P ®x A®\^®x a 

such that D ®x id/i is the inclusion of the first summand and 7a is the orthogonal 
projection onto P ®x A. Theorem 4.7 yields 7^ = 1 if and only if A G (CX), and 
7a = if and only if A G CC. Since 

7B o / = 7 ®x / = / o 7A 

for all / G KK^^^(A, B), there are no non-zero morphisms between CC and (CX). 
The above decomposition of A respects suspensions and exact triangles because the 
tensor product functors P ®x u and N ®x u are triangulated. Hence we get an 
equivalence of triangulated categories (CX) X CC = KK^. □ 

Corollary 8.4. Fix a Dirac morphism D e KK^""^ {9,Co{X)). Then the dual 
Dirac morphism and the ^-element are unique if they exist. 

A morphism 77 G KK^""^ {Co{X),P) is a dual Dirac morphism if and only if 
Peciv) is inverse to Psci^) */ '^"^ ''"^2/ Peci^v) = 1- 
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Proof. We have already shown the uniqueness of rj and hence of 7 during the proof 
of Theorem 8.3. The map p*£g: KKf ^^(P, P) RKKf ^^(fG; P, P) is an isomor- 
phism by Theorem 7.1. Hence r]D = id if and only if p'^Q{riD) = id. Since D is a 
weak equivalence, ^^^(D) is an isomorphism. Hence there is no difference between 
left, right and two-sided inverses for P£q{D). □ 

Suppose now that a dual Dirac morphism exists. It induces a canonical section 
for the map P ®x A ^ A. Hence the natural transformation 1^F{A) F(A) for a 
covariant functor F is naturally split injectivc. Similarly, the natural transformation 
F{A) —>■ F{P A) is naturally split surjective for a contravariant functor F. 

It is clear from Theorem 8.. 3 that 7 = 1 if and only if CC = 0. In this case, 
'LF(A) = F{A) for any functor on KK'"^'^'''^, that is, any functor F satisfies the ana- 
logue of the Baum-Connes conjecture. Nigel Higson and Gennadi Kasparov show 
in [23] that all groups with the Haagerup property and in particular all amenable 
groups have a dual Dirac element and satisfy 7=1. Jean-Louis Tu generaHses their 
argument to groupoids that satisfy an analogue of the Haagerup property in [45]. 
In particular, this applies to the special groupoids G <k X . Wc get: 

Theorem 8.5. Suppose that the groupoid G k X is amenable or, more generally, 
acts continuously and isometrically on a continuous field of affine Euclidean spaces 
over X. Then weakly contractible objects 0/ KK'^'^^ are already isomorphic to 
and weak equivalences are isomorphisms. The assembly map is an isomorphism for 

any functor defined on KK*^^"^. 

8.1. Approximate dual Dirac morphisms. In some cases of interest, for in- 
stance, for groups acting on boHc spaces, one cannot construct an actual dual 
Dirac morphism but only approximations to one. 

Definition 8.6. Suppose that for each G-compact proper G-space Y there is rjy S 
KK*^(*, P) such that p*y{D o r/r) = 1 e RKK'^'(y; ★). Then we call the family 
{r]Y) an approximate dual Dirac morphism for G. We also let 7^ := D o r^y. 

Lemma 8.7. Suppose that for each G-compact proper G-space Y there are a possi- 
bly 'L/2-graded, proper G-C* -algebra Ay and ay e KK^ (Ay,*), f3y G KK^(*,^y) 
such that Pyiay o Py) = 1 G RKK'^(F;*,*). Then G has an approximate dual 
Dirac morphism with ^y = aypy. 

Proof. Proceed as in the proof of Theorem 8.2. □ 

The situation of Lemma 8.7 occurs in [30]. It follows that a discrete group G 
has an approximate dual Dirac morphism if it acts properly and by isometries on 
a weakly boHc, weakly geodesic metric space. Clearly, G has an approximate dual 
Dirac morphism once it has a dual Dirac morphism. The converse holds if G does 
not have too many compact subgroups: 

Proposition 8.8. Suppose that there exist finitely many compact subgroups of G 
such that any compact subgroup is subconjugate to one of them. If G has an ap- 
proximate dual Dirac morphism, then it already has a dual Dirac morphism. 

Proof. Let D G KK'^(P,*) be a Dirac morphism for G. Let S* be a finite set of 
compact subgroups such that any other compact subgroup is subconjugate to one 
of them. Let Y be the disjoint union of the spaces G/H for H £ S. By hypothesis, 
there is r]y G KK*^(*, P) such that 7^ := D o r]y satisfies Pyijy) = 1. This means 
that Pq/h^'^y) = 1 H e S. By (14), this is equivalent to Resg (7^) = 1 for 

all H G S. By hypothesis, any compact subgroup of G is subconjugate to one in S. 
Thus 'jy is a weak equivalence. Since D is a weak equivalence as well, it follows 
that rjy is a weak equivalence. Hence the composition r/y o D G KK'^(P, P) is a 
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weak equivalence. Since P G {CI), it is projective with respect to weak equivalences 
by Proposition 4.4. Hence T/y o D is invertible; rj := {ijy ° D)~^r]Y S KK^(*, P) is 
the desired dual Dirac morphism for G. □ 

It is unclear whether the condition on compact subgroups in Proposition 8.8 can 
be removed. Our next goal is a weakening of Theorem 8.3.5, which still holds if G 
has an approximate dual Dirac morphism and which is used in [19]. 

Lemma 8.9. Let D e KK'^(P,*) be a Dirac morphism and let a € KK''(*, P). 

Define /? := D o a e KK"^(*, ★) and Pa -.= 13® id^ e KK^{A, A) for all A e KK^. 
Then a o D = /3p. For A, B e KK*^, the composites 

a*D* : KK^{A, B) KK^{P ®A,B)^ KK^(A, B), 

D*a* : KK^{P ®A,B)^ KK^{A, B) KK^(P ® A, B), 

are both given by f ^ (3b o f ■ 

Proof. Since D is a weak equivalence, the map 

D*: KK'^(P,P) ^ KK"^(P,*) 

is an isomorphism. It maps both a o D and /?p to /? o D = D (g) /3. Hence a o D = /3p . 

The second assertion now follows from /3b o / = /3® / = fo^A' for all A' ,B & KK*^, 
/ e KK^{A\ B) (applied to A' ^ A and A' = P(®A). □ 

Lemma 8.10. Let (3 S KK*^ (*,*), let Y be a locally compact G-space and let A be 
aGx Y-C* -algebra. If Py{(3) = I, then Pa = 1. 

Proof. We have a natural isomorphism B ® A = Py{B) ®y A for all A and B. 
Hence (3a ■■=(3® id^ = Py{(3) ®y id^ = 1 0f idA = 1. □ 

For a finite set of compact subgroups S, let C2{S) C CI be the class of G-C*- 
algebras that are KK'^-cquivalcnt to Ind^(A) for some H € S and some A G KK^. 
Let {CI{S)) be the localising subcategory generated by CI{S). These subcategories 
form a directed set of localising subcategories. Let Cl!F be their union, that is, 
A G CI!F if and only if A G CI{S) for some finite set of compact subgroups S. 
This is a thick, triangulated subcategory of KK*^, but it need not be localising: it 
is only closed under countable direct sums if all summands lie in the same category 
CI{S) for some S. The hypothesis of Proposition 8.8 ensures that CIT — CI{S) 
for some S, so that CIT is localising as well. Thus CIT = {CI) in this case. In 
general, CI C CIT C {CI) and both containments may be strict. 

Proposition 8.11. If G has an approximate dual Dirac morphism, then the map 

(28) p*sG-VX.^{A,B)^ RKKf {£G;A,B) 

is an isomorphism for all B G CI!F, A G KK*^ . 

Proof. Fix B G CIT and let S be a finite set of compact subgroups of G such that 
B G {CI(S)). Let Y be the disjoint union of the spaces G/H for H G S. This is 
a G-compact proper G-space. Since G has an approximate dual Dirac morphism, 
there is r]Y G KK''(*, P) such that 7 := Djyy satisfies PyI"') = 1- This yields 
7s' = 1 in KK^ {B',B') for B' G CI{S) by Lemma 8.10. In particular, 7b' is 
invertible if B' G CI{S). The class of B' G KK*^ for which 7b' is invertible is 
localising by the Five Lemma and the functoriality of direct sums. Hence 7b' is 
invertible for all B' G {CI{S)) and, especially, for our chosen B. By Lemma 8.9, 
D* : KK^{A, B) KK^(P ® A, B) is invertible because both D*r;f and ryJ^D* are 
equal to invertible maps of the form (7s)*- Theorem 7.1 allows us to replace D* 
by the map p*£Q in (28). □ 
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9. The strong Baum-Connes conjecture 

Definition 9.1. We say that G satisfies the strong Baum-Connes conjecture with 
coefficients A € KK*^ if the assembly map G t<^ A G t<r A is a KK-equivalence. 

The strong Baum-Connes conjecture implies that the assembly map is an iso- 
morphism for any functor defined on KK. In particular, this covers K-theory, K-ho- 
mology and local cyclic homology and cohomology of the reduced crossed product. 

Suppose that G has a dual Dirac morphism and resulting 7-element 7. Applying 
descent, we get Gk^Ja € KK{Gt<rA,Gt<rA). The strong Baum-Connes conjecture 
amounts to the assertion that G 1x^7^ = 1. This is known to be false for quite some 
time if ^ = ★ and G is a discrete subgroup of finite covolume in Sp(n, 1) ([41]). 

For general G, the Baum-Connes conjecture with coefficients A holds if and only 
if G t<^^^ A is K-contractible as in Definition 6.5, whereas the strong Baum-Connes 
conjecture with coefScients A holds if and only if G k^^^ A = in KK. These two 
assertions are equivalent if G k^*^** A belongs to the bootstrap category (★). A 
sufficient condition for G x^^^ A e (★) is that both G tK^ A and G A belong to 
the bootstrap category. 

Now we use the notion of smooth compact subgroup introduced in Section 3.1. 
If G is discrete, any finite subgroup of G is smooth. Let CXi C CI be the set of all 
G-G*-algebras of the form Co{G/H) for smooth, compact subgroups H CG. This 
is a variant of the subcategory CJq Q CI introduced in Section 6.1. 

The following lemma is motivated by work of J6r6me Chabert and Siegfried 
Echterhoff (see, for instance, [16, Lemma 4.20]). 

Proposition 9.2. The localising category (CXi) generated by CIi contains (CXq) 
and hence also contains the source of the Dirac morphism. 

Proof. Our existence proof for Dirac morphisms shows that P £ (CTq). If the 
generators Rh defined in (24) belong to (CXi), then {do) C (CXi), and we are 
done. Let H C G he a large compact subgroup, U := Ur and V := U/H. Recall 
that Rh = IndgGo(F^). Since U is almost connected, there is a compact normal 
subgroup N C U such that U/N is a Lie group. By maximality, H = NH D N. 
The quotient H/N is a compact Lie group. It acts linearly on the R-vector space V"^ . 
One can show that V'^ is an if/iV-CW-complex; this is a special case of [24]. Hence 
CoiV"^) belongs to the localising subcategory of KK^^^ generated by Go{H/K) 
with N C K C H. Hence belongs to the localising subcategory of KK'"' 
generated by Indg Co{H/K) ^ Co{G/K) for such K. Since N is a strongly smooth 
compact subgroup of G contained in each K, the assertion follows. □ 

Theorem 9.3. For any A G KK'', the C* -algebra G A belongs to the localising 

subcategory of KK generated by H k A for smooth compact subgroups H C G. In 
particular, G t<l' A G (★) once H t< A G {-k) for all smooth compact subgroups H . 

If H X A = in KK for all smooth compact subgroups H, then G A = as 
well. If f G KK'~^{A, B) induces KK- equivalences H t< A = H x B for all smooth 
compact subgroups H, then it induces a KK-equivalence G x]^ A = G t<^ B. 

If H K A is K-contractible for all smooth compact subgroups H , so is G x.\ A. If 
f S KK'^{A,B) induces a K-equivalence H tK A ^ H x B for all smooth compact 
subgroups H , then it induces a K-equivalence G A G B . 

Proof. Proposition 9.2 implies that G A = G t<r {P ^ A) belongs to the localising 
subcategory of KK generated by G Kr Co{G/H,A) for smooth compact subgroups 
H CG. Equation (9) yields G tx, Co{G/H, A) H x A. This implies the criteria 
for G kJt A to be in (★), to be KK-contractible and to be K-contractible because 
all these conditions define localising subcategories of KK. The assertions about 
morphisms follow if we replace / by its mapping cone. □ 
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The following corollary is originally due to Jean-Louis Tu ([45]). It applies to 
amenable groups by Theorem 8.5. 

Corollary 9.4. Let G be a locally compact group, let X be a G-space, and let 
A e KK'^^"^. Suppose that G k X has a dual Dirac morphism with 7 = 1 or, more 
generally, G 7^ = 1 G KK(G Kj. A,G A). If H k A e (★) for all smooth 
compact subgroups H, then G A G (*). 

Proof If 7 = 1 e KK'^^^(Go(X), Ca{X)), then (G k X) ix, ja = 1. This implies 
{G X X) x^- A = (G K X) Ky,A in KK. Now use Lemma 5.1 to get rid of the space X 
and apply Theorem 9.3. □ 

Theorem 9.3 describes other interesting localising subcategories of KK'^ on which 
K*°'^(G, u) vanishes. Hence it gives a variant of the rigidity formulation of the 
Baum-Connes conjecture. Namely, G satisfies the Baum-Connes conjecture with 
arbitrary coefficients if and only if K*(G Xr A) =0 whenever A G KK*^ satisfies 
Kt,{H Kr A) = for all smooth compact subgroups H C G. 

Proposition 9.5. If the G-C* -algebra A is commutative (or just type I), then 
G t><l' A € {*). In particular, G tK^ -k € {*). Suppose G tK^ A G (*) (for instance, 
A = -k). Then the strong Baum-Connes conjecture with coefficients A holds if and 
only if G Xr A e (*) and the usual Baum-Connes conjecture with coefficients A 
holds. 

Proof. If A is a type I G* -algebra and H is compact, then H t< A is a. type I 
G*-algebra as well (this follows easily from [42, Theorem 6.1]). Therefore, it belongs 
to (★) (see [9, 22.3.5]). Thus G x^- A e (★) by Theorem 9.3. The strong Baum- 
Connes conjecture is stronger than the Baum-Connes conjecture and implies that 
G Xr A € (★) once G x]^ A € (★). The converse also holds because a K-equi valence 
between objects of (★) is already a KK-equivalence. □ 

Therefore, if we already know that G*(G) G (★), then the strong and the usual 
Baum-Connes conjecture with trivial coefficients are equivalent. Jerome Chabert, 
Siegfried Echterhoff and Herve Oyono-Oyono show in [16] that G*(G) G (★) if G is 
almost connected or a linear algebraic group over the p-adic numbers or over the 
adele ring of a number field. The Baum-Connes conjecture with trivial coefficients 
for these groups is also known, see [14,16]. Hence these groups satisfy the strong 
Baum-Connes conjecture with trivial coefficients. 

10. Permanence properties of the (strong) Baum-Connes conjecture 

Let T and T' be triangulated categories, let F: T ^ T' be a triangulated func- 
tor, and let {J\f, V) and (TV', V) be complementary pairs of locaHsing subcategories 
in r and T', respectively. Suppose F{V) C V' . Then L(i^' o F) Li^' oLF up to 
isomorphism for any covariant functor F' defined on T' . This trivial observation 
has lots of applications. When applied to restriction and induction functors, par- 
tial crossed product functors and the complexification functor, we get permanence 
properties of the (strong) Baum-Connes conjecture. We remark that Lemma 5.1 is 
another such result that logically belongs into this section. 

10.1. Restriction and induction. 

Proposition 10.1. Let H C G be a closed subgroup. The functors 

Rcsg : KK^^^ ^ KK^^^ and Indg : KK^^^ ^ KK^^^ 

preserve weak contractibility and weak equivalences and map (CI) to (CI). There- 
fore, KesQ maps a Dirac triangle for G x X to a Dirac triangle for H x X and 
Ind^ maps a Dirac triangle for H x X to a Dirac triangle for G x X . 
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Proof. Restriction and induction in stages yield Resg (CC) C CC and Indjj(CX) C 
CI and hence Indg((CJ)) C {CI). To prove Rqsg{{CI)) C {CI), it suffices to show 
ResQ(CT) C {CI) because Rcs^ is triangulated and commutes with direct sums. It 
is clear that Resg maps compactly induced G-C*-algebras to proper ff-C* -algebras. 
This implies the assertion by Corollary 7.3. As a consequence, Res^ maps a Dirac 
triangle for G x X to one for H k X. 

Next we prove that Indg(CC) C CC. Let D € KK'^^^(P, Go(X)) be a Dirac 
morphism for G \K X. We have just seen that Resg D is a Dirac morphism for 
H K X. Let A & KK"""^. Equation (16) yields 

P 'Six Indg A « Indg(Resf P ®x A). 

By Theorem 4.7, Indg A e CC is equivalent to P ®x Indg A = and ^ G CC is 

equivalent to Rcs^ P f^-x ^ = 0. Thus Ind^ (CC) C CC. As a consequence, Ind§ 
maps a Dirac triangle for H t< X to one for G k X. □ 

It follows immediately from Proposition 10.1 that 

L(F o Indg) ^ (LF) o Indg, Obs(F o Indg) ^ (Obs F) o Indg, 
L(F o Resc ) = (LF) o Resf , Obs(F o Resg) ^ (Obs F) o Resc • 

Since G Xr Ind^ A H k,. Ahy (9), this yields natural KK-equi valences 

(29) Gxllnd'^A^Hx^A, G \><°^' lnd% A ^ H x^^^ A. 

Hence the (strong) Baum-Connes conjectures for G iXr Ind^ A and H x,- A are 
equivalent. As a result, the (strong) Baum-Connes conjecture with coefficients 
and the (strong) Baum-Connes conjecture with commutative coefficients are both 
hereditary for subgroups. For the usual Baum-Connes conjecture, this is due to 
Jerfime Chabert and Siegfried Echterhoff ([11])- 

10.2. Full and reduced crossed products and functoriality. Let (f>: G\ ^ G2 
be a continuous group liomomorphism. It induces a functor ip* : KK'^^ KK'^^ . 
Of course, </<*(*) = If is open, then the universal property of full crossed 
products yields a natural transformation 

(30) <^,: Gi K (/)*(A) ^ G2 K ^ 

for A e KK*"^^ (if </> is not open, we only get a map to the multiplier algebra 
of G2 K A). There is no analogue of (30) for reduced crossed products. For in- 
stance, the homomorphism from G to the trivial group induces a homomorphism 
G*(G) G*({1}) if and only if G is amenable. Nevertheless, K*°p(G) has the same 
functoriality as full crossed products. We can reprove this easily in our setup. 

Theorem 10.2. The natural map GxA^GXrAisa KK- equivalence for A G 
{CI). Hence G A^ G k\ A (inKK) for any A e KK*^. 

Proof. Since full and reduced crossed products agree for compact groups, (9) yields 
that the map G <x. A — > G Kr is an isomorphism in KK for A G CI. Since 
both crossed products are triangulated functors that commute with direct sums, 
this extends from CI to {CI). This implies the second statement because the 
localisations only see {CI). □ 

Corollary 10.3. There exists a natural map : Gi xj" (j>*{A) G2 x\ A for any 
open, continuous group homomorphism (p: Gi — » G2 and any A S KK*^^. 
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Proof. Let A — > A be a Cl-simplicial approximation in KK'^^ , so that G2 k A = 
G2 t<^ A. Since (f) maps compact subgroups in Gi to compact subgroups in G2, the 
functor (/)* : KK^^ KK^^ preserves weak equivalences. Hence (t>*{A) 4>*i^) is 
a weak equivalence in KK'^^ As such it induces an isomorphism on hF for any 
functor F. Theorem 10.2 and (30) yield canonical maps 

Gi (l)*{A) ^ Gi (j>*{A) ^ Gi <p*{A) 

10.3. Unions of open subgroups. Let G = (J G„ be a union of a sequence of open 
subgroups. For instance, adehc groups are of this form. Then GXr A = limG„ KrA 
for any A G KK*^. Since restriction to G„ C G is a completely positive map 
G t<r A ^ Gn A, the inductive system (G„ A)„gN is admissible. Hence we 
can replace the direct limit by the homotopy direct Hmit (see Section 2.4). 

Let EN ^P-^*^Nbea Dirac triangle for G. By Proposition 10.1, the 
functor Rcs^" maps this to a Dirac triangle in KK'^" . Hence 

G„ (P ® A) ^ G„ kJ^ a, Gn Xr (N ® A) ^ G„ xO'''^ A. 

Taking limits, we obtain 

(31) G k\ A^\io-\\mGnV.\ A, G ><°''" A = ho-limG„ k?''" A. 

We have omitted restriction functors from our notation to avoid clutter. The fol- 
lowing result is due to Paul Baum, Stephen Millington and Roger Plymen ([7]) for 
the usual Baum-Connes conjecture. 

Theorem 10.4. If the groups G„ satisfy the (strong) Baum-Connes conjecture with 
coefficients A for all n S N, then so does G. 

Proof. Recall that G satisfies the Baum-Conjecture (or the strong Baum-Connes 
conjecture) with coefficients A if and only if G kJ:'"^'^ A is K-contractible (or KK- 
contractible). Since the category of K-contractible G* -algebras is localising, it is 
closed under homotopy direct limits. Hence the assertions follow from (31). □ 

10.4. Direct products of groups. Let Gi and G2 be locally compact groups and 
let G := Gi X G2. Let Dj e KK'^^(Pj,*) be Dirac morphisms for the factors. Then 

Di(8)D2 eKK^i^^=(Pi0P2,*) is a Dirac morphism for Gi x G2 because 

CI(Gi) ® CI(G2) C CJ(Gi X G2) and CC(Gi) CC(G2) C CC{Gi x G2). 

Let Aj e KK*^^ for j = 1,2 and put A := Ai (g) A2 e KK*^. We have a natural 
isomorphism 

G Xr A » (Gl Xr Al) (g) (G2 Xr A2) 

(because we use minimal G*-tensor products) and hence 

G xj- A ^ G Xr (Al (g) Pi) (g) (A2 P2) 

w (Gl Xr Al Pi) (g (G2 Xr A2 (g P2) = (Gl x^ Al) (g (G2 xj- A2). 

Furthermore, the assembly map GxJrA^GXfA is the exterior tensor product 
of the assembly maps Gj Aj — > Gj Xr Aj for the factors. 

There are, of course, similar isomorphisms for Gk^^^A. Therefore, if the strong 
Baum-Connes conjecture holds for Gi Ai and G2 Xr A2, then also for G Xr A. 
The corresponding assertion about the usual Baum-Connes conjecture needs further 
hypotheses (see [16]) because we cannot always compute the K-theory of a tensor 
product by the Kiinneth Formula. We can formulate this as 

(Gl xp''^ Al) (G2 xp^« A2) ^ (Gl Al) (G2 Xr°^^ A2), 
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using the localised tensor product (8) introduced in Section 6.2. 

Combining the results on finite direct products and unions of groups, we get 
assertions about restricted direct products as in [16]. 

10.5. Group extensions. Next we consider a group extension N ^ G ^ G/N . 
li A is a G-C* -algebra, then N t<^ A carries a canonical twisted action of G/N. 
In [11], JerSme Chabert and Siegfried Echterhoff use this to construct a partial 
crossed product functor 

This functor is triangulated and commutes with direct sums. We have a natural 
isomorphism G/N ik^. [N x,- A) = G t<r A in KK. The following result is due to 
Jerfime Chabert, Siegfried Echterhoff and Herve Oyono-Oyono [16] for the usual 
Baum-Connes conjecture. 

Theorem 10.5. The functor iV Xr u: KK*^ KK*^/^ maps CI to CI and hence 
{CI) to {CI). Therefore, there is a natural isomorphism 

G/N {N A) ^ G A, 

which is compatible with the isomorphism G/N {N A) = G A. 

Suppose that the (strong) Baum-Connes conjecture holds for HN C G with co- 
efficients A for any smooth compact subgroup H C G/N. Then the (strong) Baum- 
Connes conjecture holds for G with coefficients A if and only if it holds for G/N 
with coefficients N A. 

Suppose that G/N and HN for compact subgroups H C G/N have a dual Dirac 
morphism and satisfy 7 = 1. Then the same holds for G. 

Proof. Let A be compactly induced from, say, the compact subgroup H C G. 
By (14), this means that ^ is a G x G/i?-G*-algebra. We still have a canonical 
homomorphism from Cq{G/HN) to the central multiplier algebra oi N t<r A. This 
means that N A is compactly induced as a G/A^-algebra. Therefore, N Kr u 
preserves CI and hence {CI). This implies G/N x^- {N x^- A) ^ G x^ A. 

Proposition 10.1 implies that a Dirac morphism for HN is one for N as well. 
Hence the hypothesis of the second paragraph is equivalent to the condition that 
the assembly map Nx^A^NtK^Ain KK''''^ induces a K-equivalence (or a KK- 
equivalence) H K {N t<]: A) ^ H k {N A) for all smooth compact subgroups 
H C G/N. By Theorem 9.3, the map G/N ix^ {N A) G/N (TV A) is 
a K-equivalence (or a KK-equivalence) as well. Together with G t<^ A = G/N xj" 
(A^ k]^ A) this yields the assertions in the second paragraph. 

Now assume that G/N and the subgroups HN C G for H C G/N compact 
have dual Dirac morphisms and satisfy 7 = 1. We show that G has the same 
properties. Recall that this is equivalent to {CI{G)) = KK*^. The group homomor- 
phism it: G ^ G/N induces a triangulated functor commuting with direct sums 
TT* : KK'^/^ KK*^. Of course, 7r*(*) = Since {CI{G/N)) = KK'^/^, the essen- 
tial range of n* is generated by objects of the form 7r*(Ind^''^ A), where H C G/N 
is compact. We have 7r*(Ind^^^^) = lnd%ff n'^iA), where tth- HN —^His the 
restriction of it. Hence ★ G KK belongs to the locaHsing subcategory generated 
by the ranges of the functors Ind^^ for compact subgroups H C G/N. 

By hypothesis, KK^^ = {CI{HN)). Since induction is a triangulated functor 

G 

that commutes with direct sums, the range of Indj^^ is contained in the localising 
subcategory of KK*" generated by objects of the form Ind^^ Ind^^(_D) = Ind^(_D) 
for compact subgroups L C HN and D 6 KK'^. As a result, * G KK*^ belongs to 
{CI{G)). This implies that the Dirac morphism is invertible, that is, G has a dual 
Dirac morphism and 7=1. □ 
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10.6. Real versus complex assembly maps. Now we reprove a result of Paul 
Baum and Max Karoubi ([6]) and Thomas Schick ([39]). In order to compare 
the real and complex assembly maps, we have to distinguish between the real 
and complex Kasparov theories in our notation. We denote them by KK^'^^ 
and KK^'^"''^, respectively. We write A \—> Ac for the complexification functor 
KK^^'^ KK^'^'^. This functor is obviously triangulated and commutes with 
direct sums and tensor products, that is, {A ®(x) B)c ^ Ac ®(x) Be- 

Proposition 10.6. The complexification functor KK^^^ KK^^"^ preserves 
weak contractibility and weak equivalences, and it maps (CX) to (CX). Hence it 
maps a Dirac triangle in KK^ to one in KKj-. 

Proof. Since complexification commutes with restriction and induction, it maps 
CCr to CCir and CXr to CXc- Being triangulated and compatible with direct sums, 
it also maps (CXr) to (CXc). This implies the assertion about Dirac triangles. □ 

There is a long exact sequence that relates real and complex K-theory. This 
exact sequence is generalised in [39] to a similar long exact sequences 

(32) ...^ KK^:',MA, B) ^ KK«;^(A, B) A KK^^ {Ac. Be) 

^ KKg.:;^2(^^ B) ^ KK«^^,(A, B) A KK«^5,(Ac, Be) ^ • • • , 

for any A, B G KK^^"^. The map c is the complexification functor, x is the product 
with the generator of KKi(lR, M) = Z/2 and 6 is the composition of the inverse of 
the Bott periodicity isomorphism with "forgetting the complex structure". In [39], 
(32) is only written down for KK*^. The same proof works for KK'"^'^"^, even for 
equivariant Kasparov theory for groupoids. It is easy to see that (32) is natural 
with respect to morphisms in KK^'^'^ (see [39]). Hence the maps 

KK^^/{Ac,Bc) - KK^^/{A'c,B'c) 

induced by elements of KK^{A', A) and KKg (B, B') are isomorphisms for all g G Z 
once the corresponding maps 

KK£:;^(Ai?)^KK^_^^(A',i3') 

are isomorphisms for all g G Z. Remarkably, the converse also holds by [39, Lemma 
3.1]. A special case is Karoubi's result that K^{A) = if and only if K*(Ac) = 
([27]). Moreover, A ^ in KK^""^ if and only if = in KK^""^ (because 
^ ^ if and only if induces the identity map on KKf^^(A, A)). 

Theorem 10.7. Let A G KKf^. The (strong) Baum-Connes conjecture for G holds 
with coefficients A if and only if it holds with coefficients Ac ■ 

Proof. The (strong) Baum-Connes conjecture with coefficients A is equivalent to 
the statement that K*(G k?''" A) = (or G Kp''" A ^ in KK). Proposition 10.6 
implies G k^''^ Ac = (G t<'^^^ A)c. Hence the assertion follows from the results 
of [39] discussed above. □ 

Theorem 10.8. Let G be a locally compact group and X a locally compact G-space. 
If there is a dual Dirac morphism in KKj, , then there is one in KK^ , and 
vice versa. In this case, we have 7c = 1 */ and only if jr — I. 

Proof. By Theorem 8.3, a dual Dirac morphism exists if and only if D induces an 
isomorphism KKf ''-^(Co(X), P) ^ KKf ''^(P, P). This holds both in the real and 
complex case. By Proposition 10.6, the Dirac morphism in KK^ '^'''^ is the complex- 
ification of the Dirac morphism in KK^'^"^. Hence the existence of a dual Dirac 
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morphism in KK^"^"^ and KK^'^'^ are equivalent by the results of [39] discussed 
above. Since the complexification of a dual Dirac morphism in KK^'^''^ is one in 
KK^'^'^, 7c is the complexification of 7r. We have 7 = 1 if and only if 7 is invert- 
ible if and only if multiplication by 7 on KK^ '^'^(Co(^), Co{X)) is an isomorphism. 
Again it follows from [39] that tr = 1 if and only if 7c = 1. □ 

Appendix A. The equivarl4nt Kasparov category is triangulated 

We have defined a translation automorphism and a class of exact triangles on 
j^j^Gikx Section 3. Here we prove that these data verify the axioms of a trian- 
gulated category (see [38]). More precisely, we prove the equivalent assertion that 
the opposite category of KK'^'^'^ is triangulated. 

By definition, the class of exact triangles is closed under isomorphism and the 
translation functor is an automorphism. The zeroth axiom (TR 0) requires triangles 

of the form EX ^ X X to be exact. This follows from the contractibility 
of cone(idx) = Co(]0, 1]) «) X. 

Axiom (TR 1) asks that for any morphism f: A —>■ B there should be an exact 

triangle SB — > C — > A — > If / is an equivariant *-homomorphism, we may 
take the mapping cone triangle of /. In general, we claim that any morphism in 
KK*^ is isomorphic to an equivariant *-homomorphism. We can first replace / by 
a morphism in KK*^ because KK*^ and KK"^ are equivalent categories. By [34] we 
can represent / by an equivariant *-homomorphism /, : qsA — > QsB, where 

qsA := K(l2(G X N)) O q{K{L^G) (8 A). 

If X = -k, then the C* -algebra qA is the usual one from the Cuntz picture for 
Kasparov theory. Otherwise, we have to modify its definition so as to get a G K X- 
C*-algebra. Namely, let ^ *jc ^ be the free product of A with itself in the cat- 
egory of G K X-G*-algebras. That is, it comes equipped with two natural maps 
ti,t2: A ^ A*x A with the universal property that pairs of G K X-equivariant 
*-homomorphisms A ^ B correspond bijectively to G k X-equivariant *-homomor- 
phisms A*x A — > B. We can construct A*x A as the quotient of A * A by the 
ideal generated by the relations (-i(/ai)t2(a2) ^ '-i(ai)'-2(./o2) for all ai,a2 € A, 
f G Go(X). The pair (id4, id4) induces a natural homomorpliism A*x A ^ A. Let 
qxA be its kernel. With this modified definition of qA, the assertions of [34] remain 
true for KK'^'^"'^. In particular, there is a natural KK'''^''^ -equivalence q^A = A. 
Therefore, any morphism in KK is isomorphic to an equivariant *-homomorphism. 
Thus axiom (TR 1) holds. 

Axiom (TR 2) asks that a triangle TiB —>■ C ^ A —>■ B he exact if and only 
if Y,A Ei? —>■ C A (with certain signs) is exact. It suffices to prove one 
direction because suspensions and desuspensions evidently preserve exact triangles. 
Thus axiom (TR 2) is equivalent to the statement that the rotated mapping cone 
triangle 

SA ^ SB ^ cone(/) A 

is exact for any equivariant *-homomorphism f: A —>■ B. We claim that this 
triangle is the extension triangle for the natural extension 

— ^ SB ^ cone(/) ^A — ^ 

and hence exact. Build the diagram (5) for this extension. The resulting map 
SB conc(e) is a homotopy equivalence in a natural and hence equivariant fashion. 
Thus the above extension is admissible and gives rise to an exact triangle. One easily 
identifies the map TiA — > SB in the extension triangle with — S/. This finishes the 
proof of axiom (TR 2). 
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S2£> > SC/ > SB — ^ E£) 




Figure 2. The octahedral axiom 



Suppose that we are given the solid arrows in the diagram 
EB > C > A ^ B 




(33) 



and that the rows in this diagram are exact triangles. Axiom (TR 3) asks that we 
can find 7 making the diagram commute. We may first assume that the rows are 
mapping cone triangles for certain maps f : A ^ B and f : A' ^ B' because any 
exact triangle is isomorphic to one of this form. 

We represent a and (3 by Kasparov cycles, which we again denote by a and (3. 
Since (33) commutes, the Kasparov cycles fi{a) and ,f*{l3) arc homotopic. Choose 
a homotopy H between them. Now we glue together /3, H and a to obtain a cycle for 
KK^'^'^(cone(/), cone(/')) with the required properties. Since (evi)»(_ff) = /*(«), 
the pair {H,a) defines a Kasparov cycle for A and cyl(/'). The constant family P 
defines a cycle Cj3 for KK'^''^(Co(]0, 1],B), Co(]0, 1],B')). Reparametrisation gives 
a canonical isomorphism 

cone(/') ^ {{x,y) e Co(]0, 1], B') ® cyl(/') | x{l) = f'{y)}. 

Since fl{H,a) = (evo)*(-ff) = /*(/?), we can glue together {H,a) and C(3 to get 



a cycle for KK'^'^"^(conc(/), conc(/')). It is straightforward to see that it has the 
required properties. This finishes the verification of axiom (TR 3). 

It remains to verify Jean-Louis Verdier's octahedral axiom, which is crucial to 
localise triangulated categories. Amnon Neeman formulates it rather differently 
in [38]. We shall use Verdier's original octahedral axiom (see [46] or [38, Proposition 
1.4.6]) because it can be applied more directly and because its meaning is more 
transparent in the applications we have met so far. 

Proposition A.l. For any pair of morphisms f G KK'^(B,D), g £ KK'^(A,B) 
there is a commuting diagram as in Figure 2 whose rows and columns are exact 



triangles. Moreover, the two maps SB 
diagram coincide. 



'ED Cfg and EB Cg ^ Cfg in this 



Proof. Replacing all C* -algebras by appropriate universal algebras, we can achieve 
that / and g are equivariant *-homomorphisms. We assume this in the following. 
We shall use the mapping cones and mapping cylinders defined in Section 2. We 
define a natural G-C*-algebra 

cyl(/,5) := {{a,b,d) G A(BC{[0,1], B) ®C{[0,1], D) \ g{a) = 6(1), /(6(0)) = d{l)} 
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and natural equivariant *-honiomorphisms 

PA ■■ cyl(/, g) A, (a, b, d) ^ a, 

Ja- cyl(/,5), a (a, const 5(a), const /si(a)), 

g: cyl(/,p) ^ cyl(/), {a,b,d) ^ (6(0), d). 

We have PaJa = id^, and JaPa is homotopic to the identity map in a natural 
and hence equivariant way. Thus cyl(/, g) is homotopy equivalent to A. Moreover, 
QJA = jsg, where Jb-B^ cyl(/) is the natural map, which is a homotopy equiv- 
alence. That is, the map g is isomorphic to g: A B. Recall also that the map 
/: cyl(/) ^ D is isomorphic to /: B ^ D. 

The maps g: cy\{f,g) cyl(/), /: cyl(/) -» £) and /og: cyl(/,.g) D are 
all surjective. The kernel of / is cone(/), the kernel of g is naturally isomorphic 
to cone{g). We let conc(/, 17) be the kernel of fg. Thus we obtain a commutative 
diagram of G-C* -algebras whose rows and columns are extensions: 

cone(g') = cone(£f) >■ 



(34) cone(/, g) > ^ cyl(/, g) » D 

g 

cone(/)> ^ cyl(/) ^ D. 

We claim that all rows and columns in this diagram are admissible extensions. 
(Even more, the maps K conc(p) in (5) for these extensions are all homotopy 
equivalences.) We have already observed this for the third row in Section 2.3, and 
the argument for the second row is similar. The assertion is trivial for the first 
row and the third column. The remaining two columns can be treated in a similar 
fashion. A conceptual reason for this is that they are pull backs of the standard 
extension cone(5') ^ cyl(5') B along the natural projections cone(/) — > B and 
(■yl(./) ^ B, respectively. The projection cyl(9) ^ i? is a cofibration in the notation 
of [40]; this property impHes that K cone(p) is a homotopy equivalence and is 
hereditary for pull backs (see [40]). 

We can now write down extension triangles for the rows and columns in (34) 
and replace A and B by the homotopy equivalent algebras cyl(/, 5) and cyl(/), 
respectively. This yields a diagram as in Figure 2. 

The composite map Ei? — * cone(g) cone(/, 17) is just the restriction of the 
canonical map cone((?) — > cone{f,g) to T,B. There is a natural homotopy from this 
map to the composition SB — > ED — > cone(/, 5) via translations involving /. This 
finishes the proof of Proposition A.l. □ 

We have now verified that KK is a triangulated category. 
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